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ABSTRACT

The primary oconcern of Part I of this research program
is the design, construotion, adjustment and calibration of
a supercritioal flow channel best asuited for experimental in-
vestigations on the hydraulic analogy to .supersonic flow,

A oomprehensive review of previous experimental work
both on superoritical flow and on the hydraullo analogy was
prepared in order that the design of the channel might bene-
fit from past experimnce, The construction features of the
ohannel are described in detail,

The instrumentation of the ohannel together with a de-
soription of the method of setting up initial flow conditions
is also diecussed, It is oconoluded that the operation of the
ohannel after adjustment and ocalidration conformed to the
original specifications and that it oonstitutes a useful ree
searoh faoility,
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SECTION I
REVIEN OF PREVIOUS EXPERIMENTAL WORK

The design of & high velooity water channel whioh would be dest
suited for experimental work dealing with the hydraulic anslogy is the
primary oconcern of Phase I of this research project, Acourdingly, a
careful study of previous research was undertaken in order to benefit
from suggestions and observations of previous investigators, Abstraots
of the pertinent investigations whioch were studied are presented delow,

1, A, T, Ippen and R, 7, Knapp, Experimental Investigations of

Plow in Curved Chamnels, (Ref, fu, 1%, To)

In 1986«38, Ippen and Knapp demonstrated for the first time exe
perimentally, the application of the methods of supersonio gas dynamios
to hydraulio problems, The faoct that the anslogy existe had heen pointed
out by Riabouchinsky (Ref, 2) and von Karman (Ref, 3), Ippen and Knapp
undertook a study of the fundamental nature of the ourvilinear flow of
1iquids in an open channel, The basio equipment used in the experimental
work oonsisted of a 12" and later of an 18" channel on a tilting plate
form 100 feet long, Ciroular arc curves were inserted into the channel
which resulted in transverse disturdances and shook waves orossing the
stream periodiocally and causing alternating depth changes of large mag-
nitude along the walls,

The flow through complex ourves specially designed by the method
of charaoteristios to minimize periodic vertioal depth changes was also
studied dut did not lead to practiocal solutions for such hydraulioc strue-
tures, Depths of from 1/2" to 4" were used with velooities up to 15 fps,
oorresponding to Froude numbers from 2 through 6, 8atisfaoctory quantita-
tive agreement between theory and experiment was obtained for water pro-
files along the side walle up to the point of the first maximum of the
depth profile, Beyond this location, the egreement was less satisfeo-
tory because damping is negleoted in the theory, and the errors due to
boundary resistance along the side walls are oumulative,

2. B. Preiswerk, Application of the Methods of Gas Dynamics to
Water Flows with a Pree Burface, (Rel. 4,

In 1938 Preiswerk extended the theory of the hydraulic analogy
for both isentropic flow and flow with shocks and conducted scme experi-
ments designed to show the applicadbility of the analogy to serodynamio
problems, The experiments, while not extensive, served to indicate the
usefulness of the analogy as a research tool, A small, fixed slope water
channel was used in which superoritiocal flow was produced by a Laval nose
tle designed by the method of charaoteristics, The nossle had a throat
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of approximately 8 inohes and an exit Mach number of 2. The main purpose
of the experimental program was to determine the performance of the nos-
sle under various entrance depths renging from 4 inches to 1 inch and
from 1 inch to 0,5 inches at the exit seoction,

Satisfeaotory quantitative agreement for the water surface profiles
through the nossle was obtained at practically all initial depths; how-
ever, better agreement was found for the smaller depths, The disorepan-
cles at larger depths are attriduted to large vertical accelerations
which are neglected by the theory, The influence of bottom and wide wall
boundary layers upon the flow characteristios of the Laval nossle was
aleo investigatsd, The experiments were conduoted with a high degree of
aocouracy, and the results provide substantial verification of the charsc-
teristics method in water.

s. Johnson & Witbeok, Water Analogy to Two-Dimensional Air Flow,
General Bleotrio Company, (Ref. 5 )

In 1941, the General Electrioc Company reported the use of a water
table in which passages for ram-jets and other aerodynemic deviges were
to be studied, The working section wes approximately one foot wide, and
the water was acoelerated by means of a dam with a spillway seotion dis-
oharging onto a glass plate, Thus a flow was produced at Mach numbers
groater than unity presumably with small depths, The models were loecated
at the foot of the spillway, and the resulting patterns of flow were photo-
graphed by means of a shadowgraph method, It was stated that pressure dis-
tridbutions were obtained by painting the model with a water soluble dye
which washed off the submerged portion, thus leaving a record of the water
depth distridution.

The statio pressure was then determined from the square of the
depth ratio as required by the analogy. No statement i{s made as to the
acouracy obtained with this method nor are any quantitative data given,

4, North Amerioan Aviation Ine, Application of the Water Channel -
Compressible Gas Anslogy. (Re?, &)

The North imeriocan Aviation Company has used a water channel four
feet wide and twenty feet long to oonduot a series of tests on the analogy.
The water is stationary, and models are towed through the water by means
of a travelling carriage, Variations in Mach number are obtained by hold-
ing the speed of the ocarriage constant and varying the depths of the water,
Acoslerated or decelerated motion of the carriage is also possidble,
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Advantages and disadvantages of this type of channel are as
follows:

8, The depth distridbution around the model is necessary for a
quantitative application of the analogy, This is simple in the case
where the water moves past a stationary model, but quite diffioult for
the converse case, Iwo 3lectro-mechanical means are suggested, One is
to measure the depths by means of the varying resistance between two
stetionary vertical eleotrodes, The second is to measure the position,
at instant of ocontact, of & vertioally oscillating eleotrode, Ko ace
curate mechanioal method of measuring the water depth or pressure has
been found to be feasible, and the electro-mechanical . methods had not
been fully developed at the time of the report, 8hould such a device
prove feasible, it would, at the most, give water depths relative to
the model at only a few points, whereas a large number of pointe are
required for aocouraoy,

b, 8hook wave angles must be measured from piotures photographed
from the moving carriage, 8ince the photographs are usually obtained
by the shadowgraph method or other means dependent on the refraotion of
light rays by a ourved water surface, the question arises as to the re-
l1iability of these methods, It has been observed that the undular type
of oblique jump has a orest of sharp ourvature behind the aotual wave
front, Therefore, wave angles observed by this method are sudject to
considerable difficulties in interpretation,

In & series of tests made in the North Azmerican channel, the
effect of statio water depth and model sise on the shook-wave angle for
a given defleotion angle were obtained, The statio water depth was
varied fram O,1 inches to 1,0 inches, Best agreement with theory was
obtained in the range 0.2 inches to 0,3 inchea, here the ratic sinf (theor.)
sin 3 (exp,) varied from 95X to 1168, At a static water depth of 1,0
inch this same ratio varied from 130% to 176% depending on the ocombina=
tion of model length and deflection angle, The models used varied in
length from 8 inohes to 10 inches, and the defleotion angles from 3° to
120, It was not possible to caloculate the corresponding Mach numbers
as the speeds with whioh the models were towed through the tank were
not given, It is seen that in most cases, the experimental angles were
too small which may have been due to the optiocal method of determination,
The report concludes that the optimum water depth is .26 inches whioh is
the depth predicted for minimum effects of ocapillarity,

o, The advantages obtained from this type of channel are primarily:

(1) the flexibility and ease of determination of the Mach number
from the speed of the oarriage and the still water depth,

(2) the ease with which transient phenamens may be observed,
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An experimental investigation of several techniques for obtaine
ing photographs of shook waves in the water channel was alsc undertaken
by North American (Ref, 7) with best results obtained by the absorption

que, The absorption method is based on the fact that the trans-
mission of light through dye colored water is a funotion of the water
depth, Hence, when waves are formed in the twwing basin, which is il
luminated from below, the wave orests and troughs will show up as rela-
tively light and dark areas, By photometric measurements on the negative
film, it 4s possidble to obtain quantitative information on the ocontours
of the waves, Calibration ocells ocontaining known depths of the 1liquid
are placed at the edge of the towing basin, and each picture then ocarries
its own oalidbratiocn,®

8. Department of Civil & S8anitary Engineering, M,I,T. Investigations

on Hydraulic Shook Waves, (Ref, 8, 8a, 16a, 18¢)

Theoretical as well as experimental investigations on hydraulie
shook waves have been carried on by A, T, Ilppen at Lehigh University and
also at N,I,7, which led to a ocomprehensive summary of the theory of
superoritical flow of water in open channels which corresponds to the
two=dimensional supersonio flow of gas, All the findings are contained
in Ref, 18a, 8pecific appliocations of the theory to the design of chan~
nel ocontractions led to the experiments reported in Ref, 160 whioh gave
in e number of ocases good quantiteative agreement between theory and ex-
periments for a wvariety of boundary conditions, For these experiments
on ohannei ocontractions, a tilting channel 3 feet wide and 10 feet in
ieugin was constructed in 1948 in which Barschdorf and Woodbury (Ref, 8)
conducted a series of experiments on oblique shosk waves in water,

Due to the limitations of the available equipment, the water was
accelerated by means of a vertiocal sluice with a free surface upstream
of the gate, Control of the depth was seoured by vertioal adjustment
of the sluice, while uniform flow was obtained by adjusting the slope
of the channel by means of jacks at the lower end, The primary tests
were made at an initial depth of approximstely 0,90 inches and an initial
Froude number of $,88, Oblique shooks were generated by means of movable
side walls which produced the required defleoction of the flow, Depih
profiles of the water surface were odtained with a standard vernier point
gage mounted on a travelling carriage, Good quantitative agreement was
found for the depth ratioc across the shook and the shoock wave angle for
the various defleoction angles at the one Froude number tested.

Several disadvantages of this type of chammel were made evident by
this research: .

1, The range of Froude numbers is limited by the static depth be-
hind the sluioce, ‘
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2, Surfsoce disturbances are caused by vortices whioch form in
back of the sluice and are carried out into the superoritioal flow,

8., The channel had an aluminum floor which prevented lighting
from below for photographio purposes,

Muoh valuable information was obtained for the design of the
large superoritical flow ohannel ueed in the research desorided in this
report, In addition, many of the experimental techniques used were de-
veloped on this lllli channel, and many changes incorporated in the final
channel design were tested hore,

6., Mechenical Engineering Department, M,I,T, Hydraulic Anale
Investigations, Project Meteor, (Ref, 98, 10, II, 12, S1)
During 1948, there was aleo instituted in the Mechanical Bngi-

neering Department under the direction of Dr, A, H, Shapiro e researoch

progrem dealing with the hydraulio analogy in conneotion with Projeot

Meteor, To date thlis program has been the subjeot of four reports in
the form of theses,

Goldman and Meerbdaum (Ref, 9) construoted a fixed slope channel
of 8 ft, length with a working seoction approximately 2 ft, by 2 ft,
oonsisting of a glass floor supported on a steel frame, Superoritiocal
flow at a Froude number of 2 was obtained by a 4 foot Laval type nossle
construoted of wood, Photographio technique was investigated for flow
around diamond and bullet shaped models approximately 8 inoches in length
with an initial depth of 2 inohes, No quantitative measurements were
obtained, Mumford (Ref, 10) replaced the wooder nozele which had warped,
with s metal contour and ocontinued the development of technique, Attempts
were made to obtein streamlines by injeotion of dye, and good results
were cobtained with the shadowgraph technique of photographing wave pate-
terne,

In 1948, Langtry (Ref, 11) replaced the laval nossle by a sluioce-
type noszle because of disturbance waves which persisted in the nossle,
The initial Mach number was determined by measuring the stagnation depth
at & point in the stream, This devioce was oalibrated by measuring the
oblique shock wave produced by a deflecting plate of approximately 6 in-
ches length; the corresponding caloulated Mach number was oanpared to
the value obtained fraom the stagnation depth, Very good agrecment was
obtained at initial depth of 1/4 inch; however, at initial depth of $/4
inch, errors ranging from 10% to 40% were observed, The writer believes
that the length of the deflector plate was too short to give good results
for the higher velocities necessitated by the larger depth, The Phase II
report confirms the observation that the initial portion of the shook
wave is distorted due to local vertical accelerations and that the length
of the deflector plate is of considerable importapos in this respeoct,
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The remeinder of the experimental work in Ref, 11 consisted of a
study of the flow pattern in a supersonio diffuser, Good qualitative
results were obtained, and much valuable information was geined on such

problems as starting and choking of a supersonio diffuser, Girawd (Ref,12)

continued this work to study supersonio oasocade arrangements, A few
oblique shook wave contours were measured, but considerable diffioulty
was enoountered in correlating the Maoh number caloulated from the stag-
nation depth with the Mach number obtained from the shook angle, Also
curvature of the shocks was noticed in the plan views, All measurements
were teken within 10 inohes of the front edge of the defleotor plate,
Some experiments of a shook followed by an expansion were again diffioult
to correlate quantitatively; in this oase, the defleotor plate was only
1 inch long and about 6/16 inch in front projection for an initial depth
of 1/8 inch., In general, exoellent results were obtained on the quali-
tative studies cf dlade arrangements and of starting and choking ocondi-
tions,

A summar; and oritioal evaluation of the work reported in this
article was giwven by Professor A, H, Shapiro in Ref, 31,

7 H. Rouse, B, V, Bhoota, B-Y, Hsu, Design of Charnel Expansions,
State University of Iowa, (Ref, IBTT—&——'E_—
The lowa Institute of Hydraulic Research under ite director,
Dr, Hunter Rouse, hes carried on a researoh program dealing with supere
oritical flow in channel expansions, IHigh velooity jets having width-
depth ratios of 1, 2 and 4 and Proude numbers up to 8 were used to study
the characteristios of flow at abrupt expansions and along gradually exe
panding boundaries, The water aurfaces of the expanding jots were sur-
veyed, and the results were compared to theoretiocal solutions obdtained
by the method of ohsracteristiecs, The oconclusion was reached that the
elementary wave theory will yield results in essential agreement with
experiment as long as the assumptions involved in the theory are approxi-
mately satisfied,

8. California Institute of Technology, Analogy between Surface
Shook Waves in a Liquid and Shocks in Compressible Uases,
(Ref, 1Y, 14)

A study of oblique wave intersectiouns has dbeen carrisd on st
the Hydrodynamios Laboratory of the California Institute of Technology
under the direotion of Knapp and Flesset, In this program two surges
of water were released upon & horizontal water tadble containing initially
& statio water depth of approximately 1/4 inoh, Depth ratios before and
after the shook fram 1,2 to 1,9 were used, In all casos studied, there
was a definite disagreement between experimental and theoretical values
for Mach intersections and some disagresment for regular intersections,
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The report recommended that the theory of Mach interactions be revised
to sacoount for several noted discrepancies in the assumptions,

g, National Advisory Committes for Aeronautiocs, Appliocation of
the Analogy between Water Flow with a Free Surfsce and 1wo-
Dimenaiodﬁ%‘ﬁ@gpreaaiblo Ues Flow, (Ref, 15,

A research program designed to test the hydraulio analogy for
flow around circular oylinders was undertaken by the National Advisory
Committee for Aeronautios at Langley Field, Virginia, in 1946, The
tests were oconducted in a vertical, return-flow water channel with a
fixed channel slope of 1°, The working seotion of length 3 feet and
width 2 feet was preceded by a converpent section which accelerated the
water, Depth measurements were obtained by a miorometer point gage
with a neon lamp to provide a sign of ocontact between the probe and the
water level, HWhater depths were also obtained by means of statio pres=
sure connections in the floor, along the walls and in the oiroular cyline
ders, PFPhotographio lighting was provided through the glass floor of the
working seotion,

In all of the tests, the initial Mach number was in the sub-
oritiocal range; however, in some of the tests on flow around cylinders,
the loocal Maoch number extended into the supersonioc range, For the first
time, a quentitative comparison of results from a water channel and a
wind tunnel was obtained, Good quantitative results were found both
nunerioally and photographioally, thus verifying the analogy for the
subsonio range up to the sonio wvelocity,
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BECTION II

DESIGN, CORETRUCTION AND CALIBRATION
OF THE SUPERCRITICAL PLOW CHARNEL

1, Study of Basic Requirements

The design of the supercoritioal flow ohannel used in this re-
search program was the result of a performance study and analysis of
ohannels previously used in work on supercritiocal flow studies and on
the hydraulio analogy, ,

The following basio requirements seemed to orystallite as the
dominant ones whioh should govern th¢ type and the dimensions of a
water channel most suitable for the work contemplated;

8. Adequate width to permit the study of models of relatively
large sizes, Large dimensions are desirable since shook wave fronts
in water extend longitudinally for a considerable distance in terms of
depth, The distance for the transition from the initial to the final
oquilibrium oondition through a shook front must be made smaller than
the distance between succeseive origins of shook waves on the model
boundary, i,e, equilibrium oconditions must be attained between suo-
cesaive shock waves or between shook waves and boundary changes,

b, Length of the ohannel should be such that the working section
is far enough downstream of the entrance section to allow the develop-
ment of the velooity distribution ocorresponding to uniform flow ahead
of the model, while downstream of the model suffiolent length must be
given to study shock wave patterns,

o, The side wulls should be made adjustable to permit the study
of flow in non-uniform sections,

d, The bottom should be transparent so that widest soope can be
given to lighting and photographing from above or below,

¢, A uniform slope of the channel is necessary to secure uniform
flow, The slope must be made adjustable to obdtain this condition for
any desired initial Froude number, Local deflections of the channel
bottom must be minimited for the same reason,

f, Flow of any desired Froude number must be readily attainadle
within a minimum distance without transverse disturbances.

£. The channel interior must be unobstructed and readily accessi-
ble over its full width and length for convenience of oporation. It <hus
is also readily oonverted to towing experiments,
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h, A fai -y wide range of water depths and of veloocities must
be provided for ‘n order to permit systematic studies on the influence
of viscosity anr surface tension,

In acocor-s2 06 with the specifications set forth and with the
recommendations of other experimenters (Ref, 15), the dimensions of
the ochannel were chosen as large as posesible for the space availadble
in the ladoratory. It was decided to make the channel width four feet
and the length 45 feet overall so that towing experiments might also
be poseible, The width chosen is still oconvenient for depth measure-
ments near the ocenter, The length is adequate to permit an approach
seotion with bafflas and a nozsle designed for gradual flow eccelera-
tion,

The method by whioh supercritiocal flow is obtained is of primary
importance, Acocordingly, careful coneideration had been given to the
following methods;

a, A lavel type notzle has the shortooming of requiring a dif-
ferent nocele for each Froude number,

b, A Spillway hae the disadvantage that both velocity and depth
of flow are HIT?IouEt to ocontrol, Large vertical height would be ree
Quired to obtain high Froude numbers,

o, The Vertiocal eluice pate provides relatively flexidble adjust-
ment; however, serious surface disturbances due to formation of vortices
behind the gate constitute a prodblem,

d. A Noszle gives gradual acceleration from an approach section,
and the flow emerges us a smooth, high velooity stream, The velooity
is easily controlled by means of a throttle valve in the supply line,
and the depth is regulated by raising or lowering the lip of the nottle,
A large range of Froude numbers can be readily obtained since the sup-
ply f&ttem is under pressure to the lip of the nozile, In eccordance
with this analysis, the nozsle seemed the most suitable arrangement %o
produce the superoritical flow desired,

Consideration was also given to towing models in still water,
The disadvantages of this method were stated in section I-4, the dif-
ficulties being primarily those of adequate instrumentation, However,
it is felt that this method has advantages in investigations of certain
unsteady flow problems if these difficulties can be overcome, Ultimate
use of the ohannel for towing experiments was therefore considered in
its design,
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The height of the working seéction above the floor of the labora-
tory was planned to allow enough space for photography and lighting
through the glass floor, In addition, it was decided to have a two
point support over the length of the channel to simplify the tilting
mechanism; therefore, the truss supporting the working seoction had to
have a depth sufficient to minimize deflestions,

The discharge and slope requirements were such that Froude .
numbers of approximately 8 or 10 could be obtained, A centrifugal
pump having a capacity of 4,000 gallons per minute under a head of
45 feet was available and wae found to meet the requirements, A
maximun slope of 1 in 10 was deoided upon to meet the Froude number
specifications and obtain flow with uniform depth, Having set up the
basio requirements, the detailed design of the apraratus is next oon=
asidered,

2, Design and Construction of the Superoritiocal Flow Channel

: A plan and elevation view of the superoritical flow channel and
its appurtenances is shown in Fig, 1, Essentially, it consists of the
following oomponents:

a, Channel and Supporting Struoture

The rectangular ochannel is approximately 40 feet long, 4 feet

wide and one foot in depth, The floor consiats of 1/2 inch plate glass

over a length of 30 feet, For short distances at either end, 1/4" alumi- !
num plate is employed, The vertical side walls of the channel are made

of 1/4 inch aluminum plate attached at intervals of 2-1/2 feet to the

top chord of the supporting structure, The channel is supported by two

parallel steel trusses, 4-1/2 foet deep; the top chords of which consist

of two 10 inch cheannel sectiocns welded back to baok, The top flange of

one of the channel sections provides the longitudinal support for the

glass and aluminunm floor and runs the entire length of the structure,

To provide space for the pump, the top chord is cantilevered at
the downstream end, thus permitting the lower chord to be 10 feet shorter,
The supporting trusses were designed to limit the deflection under full
load of 8 inches of water to 0,026 inches, At five foot intervals, cross
ties between the top chords provide supports for the channel floor, Simi-
lar ties at the lower panel points support the water supply pipe and dif-
fuser, lateral bracing in the horisontal and vertical planes insures
torsional rigidity of the struoture, Care was taken not to obstruct the
panele directly beneath the glass floor; ecoordingly, the top chord lat-
eral dracing was placed only at either end bensath the aluminum floor,
Between each 10 foot length of glass, a brass spacing bar 1 inch wide is
placed, These bars were incorporated so that it would be possible to ate
tach objeots to the floor, All joints between glass and metal were care- ’
fully smoothed and sealed against leskage, General views of the channel
and supporting structure are shown in Figs, 2 and 8,
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FIG, 4
DOWNSTREAM END

TRUSS HINGE MOUNTS R
SHOWING DISCHARGE [
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b, Channel Tilting Mechanism

Variation of the longitudinal slope of the channel is provided
for by means of a tilting mechanism designed as follows: .

4t the downatresm end of the lower chord, the trusses are mounted
on hinge pins and bearings and set on bloocks mounted on a rigid beam span- .
ning the reservoir as shown in Fig, 4, The upstrema support is located
at the next to last panel point where two large bronse nuts transfer the
weight to three inch steel spindles threaded over their entire length of
83 inches, The steel spindles rest on thrust bearings beneath which are
looated right angle drives, The vertical shafts of the right angle drives
are keyed into the lower end of the spindles, while the horisontal shafts
are conneoted to a 1 H,P, eleotric reversing motor loocated between the
two spindles, The drives, motor and spindle supports are all mounted on
knife edges placed on a supporting beam and in a line at right angles to
the longitudinal axie of the channel,

The rotation of the horizontal shaf't connected to the motor causes
the spindles to rotate at a speed reduotion of 176 to 1 through the com=
pound reduotion in the right angle drives, Rotation of the spindles
oauses the nuts whioch are oonneoted by hinge pins and bearings to the
main truss to move up or down, thus changing the slope of the ohannel, .
Inasnuoh as the nuta must move along a ciroular aro sbout the downstream
pivot, the tilting of the spindles is provided for by the knife edge
mount ing mentioned above, A detail view of the tilting meohanism of the .
channel is shown in Pig, 6, Power from the motor is transmitted to the
horisontal shaft by means of a variable speed pulley drive, thus a rate
of channel movement of from 2 to 5 inches per minute is possible, Mioro
awitohes automatioally stop the motion of the channel when it has resched
either the level position or its position of maximum slope of 1 to 10,

The aotual setting of the ohannel to a desired slope is acocom-
plished by means of a revolution counter attached to the spindle drive
shaft, In order to confine the movement of the channel to & true verti-
oal plane, guides are placed on the outside of each truss at the upper
end panel points,

0, Water Supply System

The water supply and storage system is arranged as follows,

A conorete-lined reservoir, 52 feet long, 5 feet wide and 6 feet
deep and having a capscity of 14,000 gallons is set into the floor of
the laboratory with its top flush with the floor, The longitudina)l axis
of the channel coincides with that of the reservoir, The pumping equip-
mont is shown in Fig, & and consists of a direct motor driven Allise
Chalmers centrifugal pump rated at 4,000 gallons per minute under a
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FIG. 6
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CIRCULATING PUMP 45 FT HEAD
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FIG. 7
VIEW UPSTREAM OF ENTRANCE
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46 foot head, The pump is bolted to s beam spanning the reservoir
underneath the cantilever portion of the truss, The 12" suotion pipe
extends vertically down into the reservoir and along the bottom of

the reservoir to a 12" gate valve, This valve provides s means of
holding water in the pump for priming purposes, The horizontal extent
of the intake pipe along the reservoir bottom prevents air entraimment
which would be caused by having the intake tuo close to the point at
which the water is returned to the reservoir from the downstream end
of the channul, The discharge side of the pump is coupled to a 10"
rubber expantion joint placed to eliminate vibrations of the pump from
being transferred to the trusses, Figure 4 shows the rubber joint
coupled to a ball and socket joint set so that its center of rotation
coinoides with the center line of the hinge pins about which both the
channel and the supply pipe rotate during the tilting proocess,

The supply pipe continues for a distance of 12 feet from the ball
Joint to a 10" by 6" Venturi meter which is used to meter the flow, Five
feet downstream of the Venturil is loocated a 10 inch throttling valve which
oontrols the rate of flow, Direotly conneoted to the valve is a transi-
tion seotion from a 10 inoh circular seoction to a section 10 inches square,
Thereafter the flow is decelerated by s gradually expanding diffuser in-
to & seotion 10 inohes deep and 48 inches wide, To reduce the rate of
expansion and to prevent separation and eddying, a streamlined body simi-
lar to an airfoil section temporarily divides the flow in the diffuser,
The final diffuser area is six times asz large as the original, thus velo=-
cities are ocorrespondingly reduced, The flow then rises vertically after
being turned by a series of guide vanes and is sgain turned through §0°
into the nossle approach seotion, The entire water supply system is gal-
vaniged to prevent disocoloration of the water and subesequent interference
with photography,

Completing the supply system and built integraily into the sup-
port struoture is a nossle from which water from the diffuser enters
the ohannel, This consists of an approach section designed to socom-
rodate flow baffles and the nostle which is made of a 1/4 inch slumi-
num plate extending across the chennel, The plate is 10 inohes abdove
the channel floor at the hings and converges to any desired opening at
the lip where the stresm emerges from the nosile, Rubber seals prevent
leakage between the edge of the nozzle plate and the vertical walls of
the channel, The rubber strips are held in place by an arch spring span~-
ning the nossle, The arch oan be made to develop a thrust upon the strips
onoce the plate has been set to a desired opening, The noztle seotion was
carefully aligned to insure that the emerging stream did not have an ini-
tial angularity with respect to the channel walls, The lip of the nosile
is reinforoed for stiffness and is set parallel to the glass floor in-
suring in all positions a uniform depth of flow, The rotation of the
plate about its hinge controls the amount of nostle opening, and the
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motion of the plate is acoomplished by m3zans of a hand-operated sorew
mechanism, Thies oonasists of three vertioal spindles, olearly seen in
Fig, 7, operated by miter gears mounted on a common horizontal shaft,
A revolution oounter attached to the shaft reads zero when the lip is
in contaoct with the floor and registers 228 counts for each cne inoh
vertical rise of the plate, This permits duplication of any given
notele setting,

The water from the ohannel is returned to the reservoir at the

extreme downstream end of the channel by means of a colleoctor hood
mounted vertiocally and independently of the channel,

3. ustment and Calibrat s )
a, Adjustment

Inssmuch as it was desirable that the channel be geometrically
socourate in all its positions, it was mssembled with muoh oare, The
two hinge points were carefully aligned and set at the wame level, The
glass floor plates immediately over the hinges were then leveled trans-
versely by means of an engineer's level, The floor at the upper end
of the channel was then set at this same level by means of the spindle
mechanism, thus establishing the position of zero slope, Then on each
of the glass panels, the elevations of 15 points were checked, and the
glass set horisontal by memns of fiber shims,

To insure longitudinal straightness and & constant width of
48 inohes in the channel, an engineer's transit was set up at the lower
end and on the ocenter line, The aluminum wall plates were then set at
equal distances from line of sight, i.,e, the genter line by means of a
steel rule placed between the inside of the 1 plates and the line,
Vertical alignment was obtained through the use of a sensitive spirit
level, VWhen in proper position, the wall plates were rigidly bolted
to the top chord of the trusses by means of spacers, gusset plates and
angles,

Test runs made soon after completion of the channel showed the
presence of vibrations in the struscture, These were traced to the col-
leotor hood at the lower end of the channel which had been mounted in-
tegrally with the channel, The hood was detached and mounted on the
laboratory floor, Vibrations then were negligible., Test runs also in-
dioated the probable existence of a spiral flow in the supply pipe as
the water left the pump, As this could affect the readings of the Ven-
turi meter, straightening vanes were placed in the pipe just beyond the
universal joint,
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It was also observed that vortices appeared in the flow as the
water emerged from the nozzle lip, To eliminate those disturbdances,
baffles were installed in the nozzle approsch where it jolned the nortle,
The core of an automobile radiator was out in hslf and jointed togethor .
to form a continuous baffle, 10 inches high by 48 inches wide extending
aoross the section, Not only did it eliminate objectionable vortices,
but it also reduced depth flustuation to a negligible amount, '

b, Calibration

Several weeks were spent in oalibration tests of the ohannel,
Longitudinal slopes were calibrated against readings of the revolution
oounter attached to the spindle drive~shaft, At inocrements of 500 or
1000 ocounts of the counter, elevations of the ohannel floor were deter-
nined at three chosen points by an engineer's level, From these the
main ohannel slope was oomputed, The slope vs, readings of the revolu-
tion oounter was found to have a perfectly linear relation (Fig, 8).
Subsequently in operating the channel, it was possible to set the chan-
nel to any desired slope by means of the oounter reading, Likewise the
anount of the nossle opening was calibrated against readings of the
oounter attached to the operating shaft, Figure § shows this relation,

4, Instrumentation
a. Point Gage and Carriage v

In order to provide suirtable and quick means for the measurement
of flow depths in any portion of the channel, a travelling carriage ocarry-
ing a point gage was oconstructed,

Steel rails, oirculsr in section and 1-1/4 inch in diameter, were
mounted outside the channel walls on the top flanges of the channels
forming the top ochords of the trusses, These are supported on adjustable
screws and were made parallel to the channel floor by means of a preocise
level, They were adjusted also to parallelism with the channel walls,
The travelling carriage which spans the channel runs the length of the
channel on these rails, At both ends of the oarriage vertioal supports
carry ball bearing rollers resting on the rails, The rollers on the
left side of the carriage, four in number, are set in pairs at an angle
of 90°, thus holding the carriage to the track and insuring rigidity.
Two rollers with horizontal axes support the right end of the carriage
and both ends are provided with clamping devices by which the carriage
may be locked to the ralils,

The main member of the carriage oconsists of a horizontal & inch
aluminum chennel ocarrying three rails, likewige of aluminum, that zerve
as supports and guides for a transverse carriage to which the point gage ’
is attached, This carriage is supported vertically on roller bearings
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while others at the top and bottom aoct as guides and hold the ocarriage
securely to the rails, The latter were carefully machined and so
aligned that all roller bearings are simultaneously in contact with

the tracks, The oross-carriage is equipped with a olamping device whish
engages & fourth horizontal rail,

loocated centrally on this same carriage is a mounting to oarry
the point gage, Its design permits the easy removal of the gage and
the substitution of a Pitot tube, It also allows the point gage to be
rotated on its vertical axis and to be kept in a vertical position as
the slope of the flow ochannel is altered, The point gage embodies a
novel idea in that an Ames dial, having a 10 inoh travel and recording
to 0,01 of an inch, is subdbstituted for the more common deoimal sosle
and vernier, The main stem of the point gage oarries a rack whioh,
meshing with gears in the dial box, transfers vertiocal movements of
the gage to the dial, Figures 10 and 11 show the point gage and travel-
ling ocarriage,

In reading water depths, the point of the gage is lowered to the
channel floor and the adjustable dial rotated to its zero reading under
the indicating hand, The point is then raised to the water surface, and
the depth read directly from the dial, The lateral location of the
point gage is read from a tape having its free end attached to the point-
gage carriage, while the other is fastened to the oarriage support,
8pring winding of the tape keeps it taut at all times,

b, Pitot Tubes

The measurement of velooity distributions in the channel and
the checking of the Venturi meter cocefficient called for the use of
Pitot tubes, Early experimental runs indicated that the form should be
Tuch as to funotion moocurately in flow sections of small depth and high
veloocity, A Leupcld and Stevens Pitot-statio tube having an outside
diameter of 6/16 inch was first tried out but found to be too large
for measurements olose to the boundaries, It was used, however, in
checking the soefficient of the Venturi meter whioh was done at a much
larger depth of rlow (3,6 inches) than was later used in studying wave
profiles, Its coefficient of 1,01 was determined by comparative measuree
ments made with a Prandtl tube having a coefficient of 1,00. The latter
had a diemeter of 0,24 inch which permitted observations to be made
fairly close to the boundaries, It was used in all sudbsequent velooity
determinations,

Near the close of the experimental work on wave formations, it
was decided to check the accuracy of results obtained by the Prandtl
tube, For this purpose, two other tubes were constructed both of which
were plain impact tubes, One was made of glass, the other of stainless
steel, Both Wwere 1/8 inch in diameter with a conical nose and impaoct
opening approximately 1/16 inch in diameter, The:glasa tube was mounted
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like the Prandtl tube on the %ravelling carriage, The stainless ateel
tube, however, was inserted upward, in an inverted position, through

one of the brass strips separating the glass plates of the bottam, This
position was for the purpose of permitting measurements close to the water
surface without having the stem of the tube interfere with near-surface

velocities,

Observations with all three tubes were made at a single station
for a constant rate and depth of flow, and the results plotted, Thess
are shown in Pig, 12, Although the impaot tubes indicated velooities
slightly larger than the Prandtl tube, the percentage differences were
small, It was decided to mccept the results of the Prandtl tube since
the eoeffioients of the plain impact tubea were uncertain, It should
be atated that a ocoeffioient of 1,00 was used for all three tubes for
the comparison in Fig, 12, Photographe of the Prandtl tube and glass
impaot tubes are shown in Figs, 13 and 14,

o, The Venturi Meter

The effeotive mean velocities and depths had to be determined
by Pitot tube <traverses and by point gage to eliminate channel wall
effects and to obtain the effective Froude numbers as pointed out in
& later seotion, Therefore, the measurement of total rate of flow was
unnecessary except for the purpose of duplicating desired flow condi-
tions in the channel, 4 10 inoh by 6 inoh Venturi meter was pro-
vided in the supply line for the latter reason,

The Venturi meter oooffioiont& 0,983, was obtained fram "Fluid
Moters, Their Theory and Application™, Part 1, A,8,M.E, Report, 1987,
4th Edition, Flow-rates based on this ccefficient were found to check
olosely with those based on Pitot tube measurements simultaneously made
in the chanmnel,

The flow-rate, in oubic feet per second, corresponding to a

differential head, A4h, in fact, as read from the gages is given by
the following expressions:

Q= 1,869 ¢Bh using the air-water manometer (1)

Q= 6,876 #Bh using the mercury-water mancmeter (2)

5. Method of Obtaining a Desired Froude Number

The flowerate in a given channel is a funotion of the water
depth and channel slope, Caloulations of the slopes necessary to pro-
duce a given Froude number (hence velocity) at different depths were
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made to facilitate the initidl adjustment of the channel, For this
purpose the ocommonly accepted Manning formula for open=-channel flow,

1
_ 1.4883k 'ﬁ

n

was employed, wherein

= velooity in feet per second
hydraulio radius in feet
channel slope = sine of angle of inclination

5 o oo o
[ ]

= roughness coeffiolent

From standard values of n, a value of 0,008 was taken and later
found to be substantially correet for the mmooth glass and aluminum
channel, For this wvalue of n, the above equation was used to determine
the ourves for constant depth as a funotion of slope and Froude number
shown in Fig, 18 so that for any desired depth and Froude number, the
channel slope could be read, Also ourves of conatant discharge were
plotted in the same graph ss a funotion of Froude number and depth which
gave at once the disoharge for the desired depth and Froude number,
Initial adjustment of the flow conditions were therefore quickly made,
and final adjustment necessary to produce truly uniform flow were re-
duced to & minimum,

With this procedure completed, the velocity distributions over
& fow depths aocross the flow aection are determined by means of the
Pitot tube, and the ocorresponding curves are plotted, The mean velo-
oities are then determined by planimeter, The average of these ia used
to oompute a first wvalue of the Froude number, This value, and that of
the existing depth, are usually found to be fairly close to the desired
values, and the channel slope and nozzle opening need to be changed lit-
tle to correot the discrepancies, Vertiocal velocity curves in some
eight or mne locations are then again obtained and plotted, From them
the transverse ourve of mean velocities for the entire section is plotted
and planimetered to obtain the final mean, The value of the resulting
Froude number !is the final one,

This method of setting up the flow to obtain a desired Frouds
number at a given depth was found to be very satisfactory, It was pos-
sible to obtain the same flow charascteristios at any time by simply set-
ting the differential gage, channel slope and norzle opening at tha re-
corded values,
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8. The Deflector Vane for Obtaining Oblique Shook~-Waves

To produce oblique shock-waves, a variable-angle deflecting
vane was installed in the channel at a point 11 feet downstream from
the nossle opening, It oconsisted of two parts;

1, the movable defleoting vane, 7 feet long by 10 inches high
set vertioally, and

2. a short stationary lead-vane, 2- 1/2 feet long and 10 inches
high, atteched to the ohannel wall by angles and gusset plates,

The face of the latter was parallel to, and 4 inches from, the wall,

To it the deflector vane was joined by specially desigued hinges whioh
permitted the defleoctor to be moved through a wide angle with a sharp
break and tight joint between it and the lead vane, The lead vane was
replaceable with vanes of shorter length, and provision was made to obe
tain flow defleotion without a lead vane, The primary purpose of the
lead vane was to initiate a boundary layer in the flow ahead of the de-
fleotor,

The deflector vane can be set to various angles from 39 to 21°
in inorements of three degrees by means of a vertical pin looated near
the downstream end of the vane, The pin passes through holes in a oross
memder spanning the channel, thence through a bracket attached to the
vane and then engages acourately spaced holes in one of the brass bars
on the ohannel floor, Measurements after installation indioated that
the angles obtained by this method were accurate within five minutes,
Both lead vane and deflector were made of 1/4 inoch aluminum plate re-
inforoed for stiffness,
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SECTION III
CONCLUSICNS

It was found that the superoritioal flow channel after the
initial poriod of adjustment and calibration conformed to the original
spocificetions set forward at the beginning of section II, Relatively
l1ittle time was spent on adjustments, and all major features of the ohan-
nel remained as originally designed,

A number of items in the design were oonditioned by the awvaile
able space in the laboratory and by the equipment on hand since many
materials were still in short supply at the time of oonstruction, Howe
over, these factors did not necessitate the sacrifice of any of the
specifiocations originally set,

It 4s expeocted that the channel will be used to advantage for
purposes beyond the socope of the research reported in Fart II of this
program, and these possibilities were considered throughout the design,
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ABSTRACT

An experimental program designed to verify the theory
of oblique shooks in water constitutes the primary concern
of this investigation. Additional experiments are carried
out to determine factors affecting the frictional distortion
of the rasic wave form and to determine the influence of non-
uniform velooity distribution and boundary layer development.

The hydrauliec analogy for eupersonic flow with shooks
is presented. Two possible modificatione in the enalogy are
proposed whioh promise improverents in the method of obtaine
ing quantitative aerodynamio information from water measure
ments for the simple shook wave patterns investigated.

Definite conolusions derived from the present study are
as follows:

(1) there is satisfactory agreement betwsen theory and
experiment for otlique shook waves in water.

(2) noneuniform velooity distribution inherent in this
experimental method has a negligible influence upon the re-
sults.

_ (3) the sizo of model used in experiments in water has
an important effect upon the results, and large ratios of
longitudinal dimensione to depth should be employed.

(L) the practical limits of the analogy are consistent
with the range in which supersonic flow theory applies.

(5) optimum use of the water channel as a research tool

requires intimate knowledge of its hydraulioc characteristics
combined with a judicious interpretation of results.
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NOTATIORS

looal sonic velooity

celerity of a smmall gravity wave

spscific heat at constant volume

specifio heat at constant pressure

base of natural logarithime

internal energy per unit weight for liquids

internal energy per unit mess for gases
Froude number = V/ﬁ'ﬁ
gravitational aoceleration

water depth

specific flow energy for water
enthalpy

Nach number = V/,

statio pressure

foroce due to hydrostatic pressure
radius of ocurvature of free liquid surface
universal gas constant

entropy or slope of free surface
absolute temperature

local velocity

average velooity of flow

weight per unit volume

shoock wave angle with respect to original flow direoction
ratio of specific heats

momentum ocorrection factor

deflection angle of flow

mass density

surface tension of liquid

Subscript 1 refers to conditions in front of shoek wave
Subscript 2 refers to conditions in back of shook wave
Subsoript n refers to direction normal to shoock wave
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SECTION I
THEORETICAL SUMMARY COF THE HYDRAULIC ANALOGY

1, Introduction to Flow tnrough a Normal Compression Shook or Jump

The analogy for the special flow condition of the normal compres-
sion shook or right-angle hydraulioc jump is presented as baokground for
the more general flow in which oblique shocks ocour (see seotion I-5),
The analogy for izentropio flow or constant energy flow without disoon-
tinuities and the analogy for flows involving shocks are fundamentally
quite different, The isentropic flow analogy has been extensively ine
vestigated both theoretically and experimentally by Preiswerk (Ref, 1),
F.A.C.A. (Ref, 15) and others, (See sumary in Phase I report, sectionl)
The isentropio analogy dependes upon disturbances or changes in the flow
being propagated as long waves of small amplitude while the shock-wave
analogy is based upon the prinoiples of conservation of matter, momentum
and energy.

The type of flow to be oonsidered is essentially one-dimensional
both in hydrodynamics and gas dynamios, Specifiocally in:

rodynamios: A parallel uniform flow of liquid
EEVIEE & free surface in a horisontal channel of
infinite width is assumed, Varlations in the velooc-
ity ocour only in the X direction, The flow is
friotionless; in practice, the implications of this
requirement are met indirectly dy sloping the chan-
nel in the direotion of flow until boundary resist-
ance is balanced by gravity forces, Thus, initially,
flow of uniform depth and constant velocity is ob=-
tained,

Gas Dynamicss Flow in a duct of constant seoction is
assumed without friction or heat transfer; that is,
the gas flow is non=-viscous and adiabatic, Variations
in the flow take place only in the X direotion,

If, as in Fig, 1, the existance of a normal hydraulic jump and a
normal oompression shock are postulated, the continuity, momentum and
energy equations show that such flows are possible, In the following
development the subscript 1 refers to conditions in front of the shook
while subsoript 2 refers tc conditions behind the shook, V, is the
velocity normal to the shock; h the depth of the liquid; p and , the
pressure and density; Ey the internsl energy per unit weight for liquid;
and the internal energy per unit mass for gas, Where equations for
gas and liquid bear the same number, they are distinguished by subscripts
w for liquid and g for gas, i
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rod os Gas Dynamios

Continuity
h|vn,- hzvm. (l&) anm" sznz <|’)
Momentom
yeg(h:-h\‘)' hlvm(vm-vnz) (L') Pg— Pl'ﬁ:vnl(%l_vn) (Z’\
Energy
".’n: h+E Yg; h ( (VA v
29-‘- +E, = Zg - ‘+E\“ J') _él’_..._‘.yEg‘- —%’«r %*Egz(s,)

The formal analogy is obtained by oocmparing the three fundamential
equations, The two continuity oonditions are identiocal if h is equivalent

top , then
h!/hl ~ Pl/et (4) 2

The momentum oconditions are identioal if h is equivalent to o and g —g—-
is equivalent to p, then

(hz/h'){' P:/P- (5)

These two conditions imply a relation for the gas between p and e of

P /P =(6/6) (6

From the perfect gas relation, p = PRT, it is seen that

h,/h,~ Tz/Ta

The speed of propagation of an infinitesimally small pressure
wave is the speed of sound and is equal to = \[ en .

n’ 7
If p is replaced by g =, Pby h, and § = 2 from the relation in-

dicated by Eq. (8), then a~ '\(g—h and the sonic velocity is analogous
to the celerity o = \J'EF of a vanishingly small gravity wave, Acoord-
ingly, the Mach number M = —— and the Froude number F = Sv are
also analogous. The energy conditions are identical if h is equivalent
to P/(). this requirement i{s satisfied by Eqs, (4) nnd' (6) and dces not
result in any new relationship, The energy eguations also imply that E'
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ig equivalent to B The exaot analogy exists then only for a gas which
satisfies the presiure density relation given by Bq, (6) provided that
the internal energy terms for liquid and gas are shown to be equivalent,
These oconditions will be investigated in detail after the necessary equa-
tions for hydraulioc jumps and compression shooks have been developed,

2, Normal Hydraulio Jump

Considering first the hydrodynamic problem of the normel hydraulie
Juwap (Fig, 1) in uniform parallel flow, it is convenlent to choose coor=-
dinates stationary with respect to the jump thereby reducing the problem
to one of steady flow, It is seen from Bqs., (lw), (2w) and (Sw) that if
Vnl, hl and Bw] are given, the three unimowns Vn2, h2 and Ew2 oan be de-
termined by means of the three equations, However, since the internal
energy term appears only in the energy equation, hz and Vp2oan be cal-
culated when hl and Vnl are given by use of the continuity and momentum
relations alone, Thus, solving Bq, (2w) for Vn) and eliminating Vn2

by Bq. (lw)
Vo =\ (ghI() 1+ B ) )

Va1l

=

or in terms of the initial Proude number Fnl - , the depth ratio

acroes the jump becomes,

oot (Rt =) (8

This equation and the results of the energy equation next considerad
oompletely determine the flow eonditions for a hydraulic jump and show
the existence of this phemomenon previously postulated, The increase
in internal energy across the jump can be caloulated from Eq. (3w) by
eliminating V5) and V,, by means of Eqs, (1w) and (2w) then,

3
€, - E., =AE, +(at

wa A'h'h’.
AE, (hy/h-1)’ (9)
Th,  4h,/h,

An inspeotion of this equation shows that if h2/h] is less than unity,
there must be a decresse in internal energy. For an incompressible
fluid, this requires a decrease in entropy, & violation of the second
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law of thermodynsmics, thus a hydraulic drop of the shook type is
physically impossible, 8ince ho/hyjdl Eq, (8) shows that Fpyiml

and & hydraulio jump can ooour only in supercritical flow, Bq, (9)
also shows that the gain in internal or loss of initial "flow" energy

2

\;
(defined ll-—EE£- + hl) is relatively small, For a 100% depth change
&

ha/hy= 2, the "lost"” energy is 6% of the initial "flow" energy. Further
energy consideration will be disoussed after the necessary equations have
been developed for the ocompression gas shock, The simplifications and
limitations implied in the derivation of the hydraulic jump sre sumarized

below,
a. The flow is steady,
All quantities are independent of time,
b, The flow is friotionless,
There are no non-oconservative or visocous foroces,
¢, The flow {8 inoompressible,
Density of the liquid is oonatant,
d, The pressurs on the free surface of the liquid is oonstant,
o, The pressure distridbution is hydrostatio,
f. Surface tonsion forces are negligible,
S, Normal Compression Shock in Cas

Choosing ooordinates making the shook stationary with respeot
to the duct in which it oococurs, the fundamental equations are derived
by & consideration of continuity, momentum and energy in a manner similar
to that used for the hydraulic jump, The energy Bq., (3g) may be re-
written in terms of enthalpy

v 2
—;—'*I.‘!g‘*‘fz - (10)

whers I, the enthalpy or total heat content is given by I = -;— + B = OpT

where ¢

is the specific heat at constant pressure and T is the absolute

temperature, Eq. (10) then becames

2

v.+cT,=vr: + CpTy = ()
A

A consideration of Eq, (lg) (2g) snd (11) shows that four variables
(0, Vo, P and T are now involved and that an additiohal equation is needed,
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The perfect gas wrelation

p=RET « & cpeT - (12)

constitutes the additional relation and thue ifp,, V q, p) and T; are
specified for a given gas P,, Vn2, pz and T3 can be Jdaloulated,” The
faot that four equations are neceasary for the gas problam while only
three appear in the hydrodynamic problem is explained by noting that

an analogous "perfeot gas relation" for an incompressidble fluid is em-
bodied in the momentum equation under the assumption of hydrostatio
presaure oonditions, (The relation between pressure and depth is

p = wh (density being conetant) and the oorreaponging total hydrostatio

pressure foroe over a vertioal seotion is P = -1r- ).

Substituting the perfect gas relation (Bq, 12) into the momentum
equation (2g) and eliminating (g by means of the ocontinuity equation (lg)
there results,

Vi, (Vn, -Vnz)- %._’ Cp [VV'\:!T} -Tg] - (13)

Bliminating Tp by means of the perfeoct gas relation (12) and rearrange-
ing in terme of the initial Mach number,

aVn Va _ _ Vn
Vo ® ) Iye T TG - (4

where 8, is the local sound velooity,

C@-OMn +2 _ & )
Vn, (WI)M.{ Y (15)

gives:

The temperature ratio may be obtained by comdbining Eq, (16) with the
energy (Eq, 11)

[2.¢ Mn, - (¢-1)] [(#-1) MR +2 _
f- 2§ (ru)’Jl[\gﬂ / ) (16)

the corresponding pressure ratio re+sults from the perfeot gas relation (l2)
and Eq, (16)

B, 2 yMpy, - (¥-1) ";
?5' = Y+l - (/7)
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R . (&)(ﬁ) - (18)

T, I\ 2

The Rankine-EHugoniot pressure-~density relations are obtained by com-
bining BEq, (16) and (17),

» )b -
P -0 ¢, -
‘P—: s 7 "7_rﬂ {"G)
=N e
and
.é. = ! '+(ﬁ)-:" - (l9 b)
iR
For an adiabatioc flow process the change in entropy, 8, is given by
v
as =55 - ) in(B)(%) - (20)
Therefore in a oonstant entropy or isentropio proocess A 8 = 0, then
IATTAL _ (Y _
1 R ) el

Inasmuch as the pressure density relations obtained in the shook analysis,
Bq, (18) and (18), are not of this simple form, a change in entropy must be
expected for flow through a shook, The ohange in entropy across a shock
is found fram Bq, (20) by substituting Bq. (15) and (17)

o5 _ In(20Mh - (3-1) [ (#-) Mp, +2)
'A/ev = n{ & )( 20 M% ) (22)

an inspection of this equation indicates that for a4 8 to be positive
Mp] must be larger than unity, Therefore, a shock can ocour only in a
supersonio stream,

Let M2 2 1 + m, then Bq. (22) beoomes

22 (1o g m)( o Ty 3
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For Mach numbers close to 1, i,e, small values of m, Eq, (23) may bde
expanded in a power series in m,

AS -/) !
L ol R -
Q

o sinoce {" —35— and R = op - o where R is the gas constant
3_3 2Y (M:n = I)J
B s (’*’)' 3 i (25)

Thus for weak shooks, the entropy inorease is of the third order with
respeot to the shook strength, It becomes sero and therefore isentropio
as Mn) approaches unity, Equation (26) may be ocompared to Bq, (9) which
was developed for the change in internal energy for the hydraulic jump,
For wvalues of hz/hl olose to unity the internal energy ohanges also with

the oube of the jump height,

The assumptions inherent in the foregoing gas flow analysis are
as follows:

8, The flow is steady; all quantities are independent
of time,

b, The flow is friotionless and adiadbatio,

o, The gas is polytropioc; i,e, internal energy is a
funoction of temperature alone,

4, Investigzation of the Analogy

With the fundamental equations for the hydraulic jump and the
compression shook thus estadblished, it is necessary to return to the
development of the analogy. (Bq. (4),(5) and (6)] It has been shom
that the exaot analogy exists for a gas which satisfies thy pressure-

density relation q
P
(;3):(;f) (Bq, 6)

provided also that any changes in internal energy for the liquid and gas
are equivalent, The first condit‘on, that of the pressure-density rela-
tion, may be examined by means of Bq, (18), (19) and (20), Equation (20)
may be rewritten in exponential form

4 Ay
(%)(Q> =e % (26a) and Eq, (6) ylelds, :
e 2 3
(ﬁ) (ﬁ) =1 -(20b)
*/\C
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Therefors, the exact analogy applies for a gas having a ratio of
speocifio heats, ¢ = 2 and for a shoock across which &4 8 = 0, HNeither
condition is fulfilled by real gases, air has a value for ¢ = 1,40,
and it has been shown that for flows involving shocks a change of ene
tropy must ooour, The degree to whianh tha ahange of entropy affects
the analogy for a hypothetical gas of )= 2 for Mach numbers close to
A8/cy
unity is shown by setting ¥ = 2 and expanding o in Eq. (26a),

2
thus A =’+A5‘___
*/\G €V ' substituting for

.?.! fram Eq. (24), with [ e 2,

(%) %2 | +.148 (M:.-I)’w-- (27)

(ﬂ)(?') = | *OIGZ(M:,-I)a---- (28)

while for y = 1,40

]
these values are to be compared to

2)E)-

Considering, now, the equivalence of the internal energy terms
appearing in Eqs, (3w) and (3g), it oan be seen that for water all of
the change in internal energy A Ew must go into energy of turbulence and
ultimately into heat, Thus, this portion of the total energy can have
no further influence on the flow conditions, In the case of gases, the
ohange of internal energy has an effeoct on baoth tha temperature and den-
sity in acoordance with:

. £
Thus, only a portion of the ohange in internal energy is used to increase
the entropy of the system while the remainder affects the dynamic proper-
ties of the flow, Therefore, the energy conversions are not exactly

equivalent, Section II of this report deals with the correlation of air-
water data for flow with shooks,
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6. Flow through an Oblique Hydraulic Jump

The equations dsveloped for the normal jump and compression shock
in the previous section may be readily generalized to include flows in
which oblique shocks and jumps occour, The derivation and statements re-
garding the analogy are unchanged by this generalisation,

It is convenient to again oconsider the shock wave as fixed with
respect to the coordinate system with the fluid moving obliquely through
it., Such a field of flow can be obtained from & normal hydrauliec jump
by superimposing on the whole system a oonstant velooity Vg) and V¢a
(where V¢1 = Vi2) parallel to the jump front and normal to the original
direction of flow given by Vnl and Vn2, ae shown in Fig. 2, The re-
sultant flow field is pilctured in Fig, Sb wherein the flow has been
oriented so that V1 becomes the initial flow direotion and V2 the direc-
tion of flow turned through the angle © after passing through the jump,
The continuity, momentum end energy Eqs, (lw), (2w), (Sw) are unaffected
by the transformation, and the notation as used for the normal jump also
conforms to that used in this seotion, Considering only the mechanioal
shook oonditions, that is, continuity and momentum, there are two equa-
tions and two unknowns (Vpp, hz) when V) and hy are specified, The in-
olusion of oblique shooks bringes two additional variables into the analy-
sis1 (3 the angle between the shook wave and the original direotion of
flow and & , the defleotion angle through which the flow is turned, Ounly
one additional independent equation is obtained from the geometry of the
veoctor disgrami

fon (3' = Vn.
| tan(e-9) Vi, (29)
© may be specified and (3 computed from BQ, (29), 8ince it is in=-

convenieut to work with the velooity components V,) and Vpz, Vq and Vp
will henceforth be used as determined from the geometry,

V= Yo (30)
sinp,

Vv
Ve* 3in EE,-e) (31)

However, in most cases, the equations relating the variables are odb-

tained in a more useful form if instead of the velooity v, end V,
the Froude numbers before and after the jump are used,

and

V
F -
and | an %2
. _Ve_ |
6 '/ghz (33)
UBAP- TR-5986
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From Eq. (7)’
s i = h)h h
Vi, ® Vy sin G = Vieleni e g, lu
or
i =V, h h
sin (3, = E e RL(H'ET) (340)
h
thus the fundamental relation between (3, F; & Tz% is obtained, For

oonvenience in later developments, the two alternate forms are also given

here,
F = st Ve R (1+) (34)

%—: % (/1+ 8Ftsinf( -1) (34¢)

A oombination of the geometric Eq, (29) and continuity (lw) results in
a relation for depth ratio across the shook in terms of p, and §,
he . tan B 5
h ~ tan(B-e)
Bquations (S40) and (35) can be equated to obtain a form involving Fy, B
and @ , thus,

tan B (v [+ 8F sin*(3, - 3)

tane = (ZtatB=T)+ ;——?———He Ton G (364q)

which when solved for F'l, becomes
— _ [tane(i-21arfB)-31anBY °  (3ey
b Jeaur@, ¥\ tan6 - tan @, )

The Froude number F, after the shock can be obtained from Eq, (7),
eliminating V) by %he continuity Eq, (lw), and eliminating Vo by
means of the geometric relation (31), resulting in

i

Ni/hy T he o
R = §In((3-6) ‘é'("*gf—) (37 q)
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or in terms of F1 and hz/hl,

eV R Beondea ] (370

A graphiocal plot of certain of these relationships becomes necessary
when any analvsis is to he carried out, For instance, it is very
often necessary to find the shook angle ﬁ. for & given initial Froude
number Fi and deflection angle © . Inasmuch as Bg, (86) ocannot be
solved explicitly for (3 a graph 1is deairable to avoid trial and error
solutions, A convenient four quadrant plot is presented in Fig, 4
which relates all of the variadbles for liquid flow across an oblique
Jump, For a given Fl and @ ; (3, , h?ﬁxl and Fp are easily determined,
Figure 4, therefore, represents in a oartesian plot the informetion for
water which is usually ocontained in the familiar Busemann shoock-polar
diagram for gases, In analyses involving relatively few shooks, the
oartesian plot is normally easier to use, It should be pointed out
that moat of the relationships developed in this seotion and therefore
Fig. 4 oan be used for flow analysis where shocks are present, whioch
result in a deorease of the available flow energy,

6. Constant Specifioc Energy Flow

Superoritiocal flow fields or portions thereof in which changes
in flow oonditions without jumps are accomplished can be treated as
cases in which the "flow" energy remains constant, as long as boundary
resistance may be neglected, The following additional specification is
then satisfied:

E% + h = H= constant (38)

where H is ocalled the specifioc energy and is referred to the bottam boun-
dary of the channel, Inasmuch as the theory of characteristics is exten-
sively treated in the literature, only & brief development for liquids
will be given here in order to have the necessary equations available in
this notation, The theory of characteristics may be developed in a con-
densed manner by writing the momentum equetion in differential form:

g h(dh)= h V,(dVa)

(@dVa) = g'@) (39)

The geometric relation for an infinitesimally small changé in the flow
geometry may be obtained from Fig, 3b by replacing g by A © and the
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vector Vo = Vo by & Vy.  Then by the law of sines

OVn _ 8inAB
Vi sin{90°-(+9)

and, for infinitesimal changes in @,

‘d Vo) = —49) (40)

cos @
Combining Eq, (39) and (40) and elirinating V, by Vd.n(; ,

(dh)= —gL' tan (3(d) (41)

An additional relation is obtained from Eq, (34a) if ha/‘nl approaches

unity
sin O = __'-. 8 I—L
F v

Thus Ghero defines the characteristic or "Mach" lines of infinitesimal
diecontinuities, Equation (41) may Le integrated by replacing V from the

energy Eq, (38) by V «¥2g(H-h) and tan (3 from Eq, (42a)
toncgvncslne l—qh——-:-ﬂ_
Vi Vi-eTg  VVEgh Y2H-3h

Equation (41) becomes finally,

dh . 2(H-n)Jh_ _v2MWH-y)H
d®  yZH-3h T 1=34 hn (43)

which was obtained by von Karman in 1836. Integration of Eq, (43) gives

h
© =473 tan’. %if— ~ tan

2 H/3

©,is the constant of integration defined by the initial boundary con=
ditiorsthat for @ = O, h equals the initial depth h,, Equation (44a)
may also be written in an alternute form employing the Froude number

(42a)

(42 b)

to express 2;]3 = ” 03?2 Bubstituting in Eq. (44a ) results in
0 V3 -1
8 =/3 tan™ - tan” ——_ -6 (44b)
JFE-I SRl
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inesmuch as ein (3 = -}r a8 third form is also obtainable, All three

forms have been plotted in Fig, 6. Both Fig., 4 and Fig, & were developed
for use in hydraulio problems by A, T, Ippen and a complete discussion
of their use may be found in Ref, 186,

7. Obligque Compression Shooks

Fcllowing the same procedure as with the oblique hydraulic jump,
the velooity Vp) is resolved into components V] and V¢) parallel to the
shook front and the same geometrical relations, Eq, (28), (30) and (31)
are obtained, The Mach numbers before and after the shock are defined,

M = ‘/—,—_('QLY= (45)
M, =m (46)

Equation (16) beoomes, ?l.
4., .M'J'sm'ﬁ (1+1) (470)
¢, Msimta{¥-1)+2
and the alternste form is
2
. .1 ’=| (47b)
sin(3: Vi) (,’_,_._l )

A combination of the geometrioc Eq, (28) and continuity Bq, (lg) gives
& relation for the density ratio in terms of (3 and @,

4 tan B
—2 .
7 " Tan(p-6) 48)

It is noted that this equation is identical with that obtained for the

depth ratio across an oblique jump (Eq, 35), BEquations (47a) and (48)
can be equated giving two useful relationships

_cot B(1-MsinB)
(1-Misin® @)+ (L) Mt (49)a

tan © -

USAF-TR=-6985
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and

= I
M, = "f%-(}iﬂ.)(am cos 9 ) (49b)

cos((3-6

Pressure and temperature ratios are obtained directly from Eqs, (16) and
(17),

T _ (Misin'(d - %—:—‘i)m.'sin‘ﬁ + 757) 50
T, 8(;4»11' M sin'(3 )

"L‘:"";S'g-%’ (51)

The Rankine-Hugoniot pressure-density relation Eq, (19) and the tem=
perature relation Eq, (18) are unchanged by the transformation and apply
also to the oblique shook, The Mach number My after the shook is odbe
tained from Eq, (47b) with the aid of Eqs, (46) and (46) and the geometry

’ : .
Mga Sln(@-e) \/(%J;)# _I) ' (520)

or in terms of l.l,
- (%)
My \/(M'! ) ﬁa/nu(n(l)/?)(ril))(%v%) (52b)

Tables and charts of the oblique shock relations for air are available
in Refs, 17, 18, 18, 20 and 21,

h.
P

8, Isentropic Flow

Portions of a {low field which accomplish changes without shocks
such as expansion flow around corners must, of courss, be handled by the
method of characteristics, A ocartesian plot of the characteristics dia-
gram for air which is analogous to Fig, & for watdr is found in Ref, 18,

USAF-TR-5985
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For convenience, the isentropic flow relationships are summarized
here in terms of the density ratic. The equation of state yields,

2 ()
R § (53)
and from the perfect gas law,
-(2 ) (54)

Tu

The value of the local Maoh number is obtained from the energy equation

Yeh R gl A

by use of Eq, (63

e ()

8o that finally Np may be expressed in terms of the density ratio and
the initlial Mach number:

M, = / (9’,_, -7%,- (55)
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SECTION Il

POSSIBLE NODIFICATIONS IN THE ANALOGY FOR QUANTITATIVE APPLICATION

1, Introduotion

The ultimate aim of the hydraulic analogy method of investigation
12 ¢o predict with reusoualle wccuracy the aerodynamic characteristios
of a given shape or struoture by means of results obtained in a water
channel, The most direct way to approach this problem is to consider
the agreement of verious theoretioal quantities obtained for water with
the thecretiocal aerodynemic results thus establishing a basis for the
application of the analogy in experimental work, In other words, oer=
tain simple shapes for which it is possible to ocalculate flow chareoc-
teristios both for water and for air will be compared to point out the
accuracy to be expected by the hydraulic analogy method, It is ther
the rdle of the experimental program to show how closely actual experie
ments agree with either thecry, The following divisions show the ac-
curaoy of applying the direot analogy quantitatively and the improved
agreement resulting from a few simple modifiocations,

2. Correlation of Water-Air Data by Direot Anslogy

By direct analogy is meant the relationships between water and
alr quantities obtained by a comparison of the fundamental equations as
given in section I, Table I lists the relationships between analogous
quantities required by the direet analogy,

TABLE I

Summary of Gas-Water Flow Direct Analogy

GAS FLOW WATER FLOW
Speed of propagation of sound Speed o:=:iopagation of small
wave a =Y ¥ gravity wave ¢ = ./gh
Mach number, M -‘/'—X_%’—% Froude number, F = ;‘/%_—
| Density ratic, ,f’,/;a; Depth ratio,  hz/hy |
| Pressure retio, P2/p, (Depth ratio)z’ (h2/h1)2 f
Temperature ratio, TZ/TI Depth retio; h2/}11 j
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It has been pointed out previously that the water-air analogy for flows
involving shocks is imperfect for two basio reasons, First, ¥ = 1,4 for
air while the analogy requires ¢ = 2; second, the change in internal
energy for ges is not equivelent to the change in internal energy for
weter, As an example, the change in flow produced by a 9° deflection

at initial Mach numbers ranging from 1 to 9 will be investigated, Fig-
ure 6 shows the theoreticel correlation between the aerodynamioc ratios
of density, pressure and temperature ss calculated from aerodynamic
theory and the analogous hydraulic depth ratio for © = 8° It ie seen
that best agreement is obtained between the depth ratio and the density
ratio, It has been the practice up to now to determine the desired aero-
dynamie quantities from hydraulic data aoccording to the relstionships
given in Table I; thus, varying degrees of agreement are obtained depend=
ing on the quantities desired,

3. First Modification of the Direct Analogy

It is proposed that in order to improve the theoretical agree-
ment of the analogy, & departure be made from the derived relationships
summarized in Table I, 1If in a gas flow analysis the initial Mach num-
bor and the geometry of the shape are known, and if the pressure variae
tion along the body is obtained from experiments, the corresponding
densities, temperatures and local Mach numbers can be determined from
the serodynamio equations developed in section I, If an analogous test
were performed with water, it does not seem desirable in view of the in-
formation given in Fig, 6 to correlate the measured depth ratios to the
correspond.ng air quantities by strict adherence to the direct analogy,
Instead, it is proposed to use the depth ratio only to determine the
analogous density ratio and then to caloulate with thie density ratio
the temperature, pressure and local Mach number velues by means of the
aerodynamic relations, This method seems to give ood agreement for all
practioal values of the deflection angle § ,

In sumary, it may be stated that for actual guses for all praoc-
tical purposes, the analogy holds only as far as density and water depth
are concerned, The derivation of pressures and temperatures directly
from the water depths is not feasible,

Table II shows the results of a comparison made for two Mach
numbers and a deflection angle of 9°, 1In this example the pressure
ratio for N, = 2,50 88 obtained from the direoct analogy differs from
the theoretical air results by 22%, while the same quantity obtained
from the first modification of the analogy differs by 2,3%, Tempera=-
ture and local Mach number show even better improvement, It should be
pointed out that when crossing a shock, the pressure, temperature and
Nach number ratios must be calculated from the equations taking account
of the change in entropy. (e.g. Eq. (18), (19) and (52b). 1In crossing
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© =9
LI
F ~
| ~
\\ (3
o ,h
f|,h, \\ 26 Er M
T I
AT
N = 2,80
Initial Maoh No, = 2,6 = Initial Froude No, 0:9
Wave
Nechod of [ le | "o | B | P/ | Te/n | N
Y ;) Eq(19a) Eq(18) Eq(62b)
Aerodynamic | 80954 -— 1,489 1,769 1,181 0,862
Theory
Direct 32930' | 1,466 1,486 2.148 1,486 0. 7863
Rydraulie
Analogy (-1,6%)| (+22,0%) | (+24,0%) | (-11,8%)
First )
Modificetion | 32 30" | 1.466 1,466 1,718 1,178 0.858
Hyd, Analogy (=1.6%) | («2,37) (=0, 7%) (+0,8%)
¥ = 5,00
Initial Mach No. = 5,00 = Initial Froude Fo, o= 9° ’
Nethod of iiave
Analysis Angle haﬂll (J’/P p2/p1 Tz/Tl H‘?/hl
8 ' |Eq(18a) Eq(18) Fq(62b)
Aerodynamio ) —
Meory 18927 2,004 2,759 1,377 0,820
Direct °
Hydraulio 19930 | 1,911 1.911 3,862 1,911 0.692
Analogy (-4,6%)| (+32,3%) | (+38.4%) | (-16.7%)
First °
Modification |19 30 1,911 1,911 2,560 1,340 0.836
fiyd. nalogy (-4.6%)| (-7.28) | (-2.7%) | (+1,8%)

note: percentages are differences between the quantities obtained from the

analogy and thecretical air results,
TABLE II

THEORETICAL CORRELATION OF AIR-WATER DATA
BY FIRST MODIFICATION OF THE ANALOGY.
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an "expansion" wave or in other regions of isentropic flow, the equations
developed in eeotion I-8 are used; thus, for Y = 1,40,

1.40
%— - (&) (53)

T i (%)0.00 (54)

M, = ,\/M)’;fo 5 (55)

Therefore, it is seen that after having obtained the density ratio from
the water depth ratio, all the other oharacteristiocs may be caloulated

from the aerodynamio relations whioh apply to the region in question,

4, Second Modifioation of the Direot Anulosz

The progress toward a quantitative application of the analogy
suggested & further modifiocation which may be used for flows involving
shooks, The first modification leaves the fundamental difference between
the water depth ratio and the density ratio for equal initial Mach and
Froude numbere unchanged, but relates the other aerodynamic charaoteris-
tios to the density ratio rather than to the depth ratio, The seoond
modification aims at a better numeriocal agreement for the depth ratios
and density ratios, It then incorporates the first modification to ob-
tain the other quantities, thereby improving at the same time their numeri-
oal wvalues,

The equations relating hp/hy and (/s to the geometry of the flow
across a shook are identical (aee Eq., (35) and (48), Thus,

;‘_ tan _h
l tan((3-9) h,
The density and depth ratios can be expected to be of the same magni-
tude only when deflection angles and shock wave angles are identical for
water and air, The necessary adjustment in the flow geometry is acoom-
plished by changing the Froude number of the water flow, As an example,
consider again the 9° wedge shown in Table II, When the initial Mach
number equals the initial Froude number of 2,50 for deflection angle

©= 9°, the shock.angle for water is (3 = 32°30' while for air (3= 30954,
The Froude number necessary to give a (3 30954' for water is F] = 2,65
as compared to M] = 2,60 for air, It is evident that if the water experi-
ments are conducted with Fy = 2,65, and if the results are interpreted as
oorresponding to air flow with My = 2,50, the depth ratio will theoretically

USAF-TR=5986
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equal the density retio and thus all quantities determined from this
density ratio will be identical with the aerodynamic enalysis, In a
similar manner, the M] = 5,00 example shown in Table II would require
that the hydraulic test be made with Fy = 5.48, For the case of suc-
cedsive shooks or curved shocks, it is of course impossible to obtain
geometrically similar flow patterns; however, the initial Froude number
may Lo adjusted in suoh & way &s to glve the best overall agreemenl of
the flow geometry, It should again be pointed out that ell comparisons
as to the acouracy of the analogy made in this section are based on
theoretiocal analyses both for the water and air flows, While they are
not immediately of practiocal value, they do show how the analogy can
eventually be improved for cases whiich must be analyzed experimentally,
The question of such Froude number adjustments is further discussed in
seotion IV=7, Correlation of Experimental Results with Aerodynamic Theory,

A ourve showing the adjustment to the Froude number may be
plotted against density ratio for all possible combination of @ and (3 .
The curve is obtained by rewriting Eq, (34b) and (47b) as follows:

Fosin@ o /(140 (341)

M, sin 3, ’A/f?(%%) (47b)

For similar geometry of flow, hz/hl - F%? . Iif Eq, (34b) is divided
[

by Eq. (47b):
/(l+f/r.)(6 %, )
M.

(56)

This relation ie plotted in Fig, 7,
The curve exhibits several interesting features:

1. The difference hetween F; and M) for similar flow geometry
reaches a maximum for /A = 2,60 with R /M) = 1,107, This property
has the fortunate effect of making large errors in the adjustment to
the Froude number impossible in ceses in which complicated shock cone-
figurations occur, Thus in practice, all adjustments to F will fall
between 1,00 and 1,107 for (3 /2 = hy/h)< 4.

2, At fbﬁﬂ = 4, the flows become geometrically similar for
the same F and M (F/M = 1), Beyond {%/h = 4, the ratio F/M becomes

USAF-TR-5985
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less than unity and the ratio approaches gero as (%Ah —= 6, The
fallure of the equation st (3/e = 6 is due to & breakdown in the
air flow theory, The temperature ratios across such high compression
shooks become very large, and the assumption of a perfect gas is no
longer valid, Flows in this range are designated as hypersonic, The
hydraulic enalogy as oonsiderod here is therefore not applicable, For
ready comparison cf initial Froude and Mach numbers for similer geometry
of tiow and [ur & cingle cdlique shoeok, a set ¢f curves 45 prossuted in
Fig. 8, This figure has a plot of Eq, (36a) relating Fy,@ and & for
water on the left, and & plot of Eq, (49a) on the rizht relating the same
variables for alr, Starting on the right side with a given M) and & ,
is determined; orossing over to the left for thc same § the value
of Fy giving the same flow pattern is obtained, The same adjustment to
the Froude number is obtained f'rom the curve as from Fig, 7 if the den-
sity ratio corresponding to the given ¥y and © were used in Fig, 7,
In addition to use of this curve in adjustment of initial Froude or Mach
number, the ourves are convenient when analyzing water and air flows {n=-
dependently in conjunction with Fig, 4,

Two additional examples are presented to show the results of the
sooond modification when applied to flows involving successive shocks
and combinations of shooks and expansion waves, Figure 9 illustrates
the ocase of suncessive shocks, In the analysis by the first modifica.
tion, Fy = M), the differences in pressure ratio compared to theoreti-
oal air is 3,8% for the first shook and 8,3% for the second successive
shock, The Froude number is then adjusted acoording to the procedure
of the aenond modification, In this cese, it was decided to make the
first shook angle in water equal to the corresponding angle in sir; thus
from Fig, 8, F)] = 3,22, and the differences in pressure ratios are re=
duced to zero for the initial shock and to 3% for the second shook., The
values of the local Mach numbers M2 and N3 are not equal to the local
Froude numbers but are obtained from the density ratio by means of Eq, (62b),
It is seen that the characteristics of successive shocks are improved by
the initial adjustment even though similar flow patterns are not possible,
Other methods of adjustment might have been used, such as: (1) approximat-
ing the boundary by a single straight line and basing the adjustment on
this fiotitious deflection angle or (2) assuming an average value for the
depth change, and by use of Fig, 7, determining the necessary adjustment,
Both of these methods can be used when dealing with ocurved boundaries,

Figure 10 illustrates the case in which combinations ol shocks
and expansion weves are present, In the second modification, the adjust-
ment to the Froude number was made by obtaining similar flow geometry
for the first shock on the bottom side of the diamond shaped airfoil,
It 18 seen that in all regions, the correlation is improved; in most
places, the error is halved, Thus, a shock followed by an expansion
wave and two successive expansion waves all benefit from the original
ad justment,
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The experimental results pertaining to the direct and modified
analogy are presented in section IV=7, It is not within the scope of
this research project to present expsrimental results on shapes such
as the diamond airfoil, The purpose of the foregoing considerations
is to point out the possibilities of improving the experimental and
analytioal methods as a means of obteining better quantitative agree-
ment between results obtained from a water channel and actual results
in air, These methods seom espeocially pramising for securing pressure
distributions around various aerodynamic shapes,
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SECTION III

EXPERIMENTAL PROGRAM AND PROCEDURE

All of the experimental investigatinns described herein were
conduoted in the supercritical flow channel in the Hydrodynamics Labo-
ratory of the Massachusetts Institute of Technology. The design and
construction and the methods of operation of the channel oconstitute
Phase I of the research project and are dealt with in USAF Technical
Report No, 6985, Part I,

The purpose of the experimental work which comprises phase II
of the research project is to establish experimentally the character-
istics of oblique shook waves and to compare these to the theoretical
characteristics developed in seoction I of this report, Specifically,
the following quantities have been determined: shook wave height,
shook-wave angle, Froude number before and after the shock, eall as a
funotion of the deflection angle of the flow, Additional experiments
have also been made to inveatigate the effeots of velocity distribution
and boundary layer development upon the basic wave oharacteristios,
These experimental studies served to delineate the approximate range
wit..in which experimental results may be expected to oonform to the
theory, and outside of which inherent limitations imposed by basioc as- g
sumptions lead to excessive deviations,

1, Experimental Series I

Thie sories oomprises the basic experimental runs B to K for
the determination of depth ratios across shocks and of the shook-wave
angles, Table III summarizes the experimental runs in this series,
The initial Froude numbers F, range from a minimum of 2,00 to a maxi-
mum of 7,00 for initial depths of hy = 0,90 inches and h] = 1,50 inoches,
The deflection angles @ were varied in increments of 3° up to a maxi-
mum whioh reached 21° in several cases,

The experimental procedure for a given run is described below,
Having chosen nominel values for initial Froude number and initial
depth, the channel settings were obtained from the channel calibration
ourves, (Figs, 8, 9 und 15, Phase I report) Further slope adjustments
were then made to produce uniform flow throughout the length of the test
section, A plan view of the test section is shown in Fig., 11 which gives
also the location of the variable angle deflector vane and the orienta-
tion of the traisverse and longitudinal scales,

The first step in the experimental run is the determination of
the actual initisl Froude number F, by means of meesured velocity dis-
tributions which are obtained at station 15 with the deflector vane *
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TABLE III

Expsrimental Series I

SUMMARY OF EXPERIMENTAL RUNS FOR DETFRMINATION OF SHOCK
CHARACTERISTICS BY VARIATION OF F; & @,

RUNS B to K
Initial Initial Depth Initial Depth
Froude hy = 0,90" = hy = 1,50" =
No.
RUN I
2,00 Q- 39,69,8°,12°
RUN D
(o)
2,08 © = 3°,6°,99,12°
RUN B
3,06 o 80 g0 10
© = 30,89,89,12°,
16°,18°
RUN F
3. 20 ©= 30,680,80,120,150,
18°, 21°
3.80 RUN €
©- 30,60,80,120
169,189,219
4,18 RUN J RUN K
O Tebase 6= 99,150
1
RUN G
5,81 o- 30,60’90:120,
16°,18°
RUN H
6,30
©= 39,69,99,120
RUN E
7,00 9= 3°,6°,9°,12°
159,189

* All above runs used 20" lead vane,
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at @ = 0% Nine sections sre chosen in the trensverse direction be-
tween the lead vane and the right hand wall, A standard Pitot tube

of the Prandtl type was employed which was attached to the point page
carriage, Before and after the Pitot tube measurements, a transverse
depth profile was taken with a dial point gage at station 15,00 in in-
tervals of 0,2 foot, Detuiled descriptions and photographs of these
instruments are found in Phase I report, sec%ion II,

The second step is the determinution of the shock-wave depth
profiles for successive settings of the deflector vane at intervals of
3°, Starting at longitudinal station 15,00, a depth profile is taken
transversely across the test section in the undisturbed region in in-
tervals of 0,2 ft, Thereafter, transverse depth profiles across the
shock wave are taken at stations 16,00, 17,00, 18,00, 18,00 and 20,00,
All of these depths are read et intervals of 0,05 ft. Following these
measurements, a depth profile is obtained along the deflector vane it=-
solf, The discharge was measured by means of the 10" x 6" Venturi meter,

For the low Froude numbers, nominal Fy = 2, the maximum angle
is limited by & "ohoking" condition in which'the reflection of the shook
on the right hand wall strikes the deflector vane, \hen this ocoours,
e normal hydrauliec jump is formed which moves to & position just upstream
of the deflector vane, For certain cases, it was possible to delay this
Jump formation somewhat by the introduction of a jet of water along the
right wall neer the point at which the wave 1s refleoted, At high Froude
nunbers, the maximum practical angle is limited by the overturning of
the wave front which introduced considerable difficulties in defining
its looation, A complete classification of shock waves according to shape
is given in the analyeic section IV- 8§,

A serles of photographs of the shock-waves obtained in runs J
end F are presented in Fig, 12 and Fig, 13 respectively, Figure 12(a)
shows the undular type of shook at ©= 6° which is asrocieted with small
angles; Figure 12(b) through 12(d) show the regular shock and 12(e) il-
lustrates the overturning of the wave front or the "curl-over" obtained
for ©= 21° at the initial Froude number = 4,18, Figure 13 shows a range
of deflection angles for a lower initial Froude number of 3,20, In this
case it is seen that the unduler type is obtained for @ = 9° (Fig, 13(a))
while the jump becomes regular for @= 12° and @= 15°, Figs, 13(b) and
13(c). At @ = 20° m maximum deflection angle is reached in this particu-
lar channel (Fig. 13(d) ) and Fig, 13(e) illustrates the choking condition
for larger angles,

2. Experimental Series Il

This series comprises six runs which were made at the same initial
Froude number specifically for the purpose of investigating viscous effects
on the shock characteristics, In addition to the deflection angle, the
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vuriables in this series were: the initial depth h) and the length of
the lead vane, Two sets of runs were made, each with three different
initial depths, In the first set, a lead vane of 30" length precaded
the deflector vane, and in the second set the lead vane was omitted,
It was found unnecessary to add runs with intermediate lengthas of lead
vane, The runs are summarized in Table IV,

A great deal of ocare was necessary to obtain the same Froude nume
ber at various initial depths, Several preliminary velocity distributions
were necessary in order to calculate F; and make the adjustments to reach
the presoribed vulue of Fy = 4,18, Experimentally, the proocedure is other-
wise exactly the same as for Series I,

3, Experimental Series III

This series of experimentes is designed to show the effect of
initial flow conditions on the depth profile along the deflector vane,
The results of these experiments are intended to be ohiefly useful in
determining the site of models necessary to produce good experimental
results, The variables investigated were length of lead vane, initisl
Froude number, initial depth and deflection angle, The experimental runs
in this series are summarized in Table V,

The experimental procedure oconsists of setting up the required
flow conditions determined by F, and h,; the depth profile along the de-
flector vane was then measured with the point gage for lead vanes of
length 30", 6" and zero for various deflection angles, The actual depths
were measured at a distance of 3/16" away from the wall to avoid the
slight effect of the menisous., The depth profiles for the 30" lead vane
were obtained from the runs of Series I, Thereafter, the same flow con-
ditions were duplicated for the two sets of runs with 6" and zero lead
vane,

4, Experimental Series IV

Two experimental runs were made to obtain data for the direct
determination of the Froude number Fp behind the shock-wave, Camplete
velocity distributions in back of the shock-wave were necessary for this
purpose, These runs are designated 1B-V2 and 1F-V3, The Pitot tube was
placed with its nose parallel to the deflector vane set at @ = 89 in
both cases, At station 20,68 eight locations were chosen in a direction
perpendicular to the deflector vane extending completely across the shock
and into the undisturbed flow, At each location, & vertical velocity dis-
tribution was measured, and the corresponding depth profile was also de-
termined across this same section,
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TABLE IV

Bxperimental Series Il

SUMMARY OF EXPERIMENTAL RUNS FOR DETERMINATION OF SHOCK CHARACTERISTICS
BY VARIATION OF hy AND LENGTH OF LEAD VAKE,

F; = 4,18 Constant for All Runs

Runs J to O
S0" lead wane No lead vane®
hy = 1,60" | hy = ,90" | hy = ,60" |k =1,60" | hy = ,90" |y = ,60"
RUN X RUN J RUR L RUN N RUN M RUN O
e- 90’150 e. SO’QO’Q 9. 90,150 e. 90,150 0= 90,150 ﬁ- 90,150
129,169180
TABLB V

Experimental Series l1Il

SUMMARY OF EXPERIMENTAL RUNS FOR DETERWMINATION OF DEPTH PROFILE ALONG
DEFLECTOR VANE,

Runs B to J, 1B to 1J and 2B to 2J

Initial 30" lead vane 6" lead vane No lead vane
gfde R} = ,90" | k] =1,60" | hy = ,90" |h) «1,5¢" | hy = ,80"| hy =1,60"

2,00 1 11 21

2,08 D 1D 2D
3,06 1B 2B
3,20 F 1IF 2F

3,80 ¢ 1C 2¢C
4,18 1J 2J

5,91 g 16 26

6,30 H 1H 2H
7,00 B 1E 2B
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SECTIN IV

ANALYSIS OF EXPERIMENTAL DATA

i, Method of Determining the Shoek=itave Characteristios from
Experiments

In this section, the method is descrided by which experimental
values are determined for -

a.’ Initial Froude number - F,

b, Depth ratio across shook - hZ/ﬁl
6. Shock wave angle = €

d, Froude number behind shock - Fp

a, Determination of Initial Froude Number

The results of the velocity distridbution measurements described
in seotion III are plotted in Fig, 14 for Run B and in Fig, 16 for Run G, .
The average velooity for each vertical profile is determined by plani-
metering the area under the velocity curve, The average velocities are
then plotted to obtain the tresnsverse distribution curve, 8ince the R
shook wave is surveyed in the center portion of the channel, the Froude
number must be determined from the velocity distribution measured in
that part of the channel, Effectively, this means that the boundary
layers along the sides of the channel are exoluded in determining the
effective Froude number, This overall average of the velooities as de-
termined in run B, for example Fig, (14), is designated as V;, The
corresponding depths are then averaged for this same section into a mean
value of h,, The initial Froude number Fj for the run is then computed

V1
from Fy = « This value is reoorded in column 2 on the summary
Nghy sheets of Table VI,

b, Determination of Depth Ratio Across Shock

For a given run, a plot is made in which a plan view of the chan-
nel bottom is represented to the same longitudinal and transverse scales,
The wave profiles are then plotted at their respective longitudinal sta-
tions; the actual depths being plotted to a vertical soale independent
of the longitudinel scale, The resulting plot gives a "perspective" view
of the shock front while retaining all dimensions in true scale, the only
restriction being that angles be measured in the plane of the channel
floor, These plots have been made for the experimental series A: through O >
compriging a total of 59 runs, The plots for each serios A through J for

USAF-TR-59856 Ly
Part 11



Y3IBNNN 3dN0OY¥3 TIVILINI

1 914

ONOJ33S Y¥3d

1334 — ALIDOT3A

40 NOILVNIWY3L3a

1904 W SwoLNg
v € z ' o CoC-¥/ /-4
' _2C1 Neyidep uosw
. wa " s B (98¥C — DOV 05}
00 il '8 |Derpanbecy taas ISl < n 8d) 919 . sboisay
-9 wny ALIDONIA IOVNIAY = (%205,0 pom oys Bujiouiwe)
. WIGRNN IONONZ 4O NOILYIND WD
]
ousa goo| | L
[] » z o
2 r - z r1_ J — J 12!
[Zy 2
LR TR °4) 909 0d; 619 -7
£61-0 s Le1=0 RIZE] ®
I8¢ s e i 0eZ s
» L4 L 4
/f o 0o IN 0
» v
? » 2 %%, 3 - Illo! z o..._
\l’ n tal 21
oo
L0810 o 1 8 L]
89»Z ™S
\4 [ 4 v
0 o ,sl o
2 1 4 4 o z [} ] 1 4 4 o]
L JJ —% —— "
\\! Fal 4 k4l
LT . 80) Crg-A 00, GOt R
£ -a P 261-0 . 1.0 e
9860 ™S L1 2 JeR 2 8¢ O Vg
> 14 v
© o o

— SH1d3Q

S3IHONI

USAF-TR-5985

PART 11

45



TR < BPT “FED s aoitne-att st | =T

e P

¢! 913

H3NNN 30N0OH4 WILINI 40 NOILVNIWY313Q

404  NOILNAIYLISIA  ALIDOT3A
1904 w oot
]
T £ | Q 165 - b Yy
Tile
z ﬂv 260 ='4 - uidep uosw
00'GI %8 Pupas)bucy _ NOILNEINLEN DEMIASNYYL < = (88 € -9EQ0 0I5}
PP W 80} CZ6-A oBoseny
ALI3073A 10VNIAY 2
g 40040 ((9x ops Buioupiine )
® . MIANNN 30N0H3 4O NOILYINOTYD
—— e e .t e e ——— LIES
Suas pany _OC i
GNOJ3S H3d 1334—ALID0T73A
o ] 9 v z [ ) * 9 L d 4
S—— — — o]
\
“gce-n : *0c26-4 <
GIeL NS eerC ™S
-.280-0 r 460-0
o
., e ° v z . o ° » v 2 o
— I — ——_P T o — LTI o—= Lﬂd
T - -4
\\\ . T
5 406 - s 80,226 -A ¢ »
PRNY 043 geT T LS
4600 .£60-0
A o |
Lo ) 9 2 1 4 z e ] [ ] ° » <
- —_—pP -0
S — e — e —— s ——
- 4 -
%4 626-3 v 16Z6 -3 ¢z
B2 NS L S X
i £60-0 %60-Q m
L¢] o w
¢ ] e k] [ z " [o]] L ° » [ '
\\\1.\---I - Pt
33926~ e -
. A \\ ) 068-A ¢
\\ Hi-) WS e 69¢0 WS
260-0 0-Q
a //’ »e o

USAF-TR-5985
PART 11



© = 9° only are reproduced in this report as Figs., 16(a) through 16(J).
The depth hj, being the depth of the undisturbed portion of the flow,

is readily determined since the wave profile levels off in front of the
shock, The depth hp, 1,e, the depth following the shook, is determined
by a oconsideration of the type of shock produced by the flow conditions,
While the clessificaticn of the shocks 1s treuted in section IVe6; it
may suffice to say here that in general the basic form of the shock wave
may be either undular or reguler, In the case of the undular form, the
equilibrium depth is well defined, The small undulations behind the
initial front gradually disapper leaving a region of constant depth as
the deflector vane is spproached, Furthermore, it is known (Ref, 22)
and confirmed by the above experiments that the line of the equilibrium
depth passes through the points of inflection of the undulations follow=
ing the initial front, In the case of the regular shoocks, the depth h2 E
is less easily defined due to the increasingly intense surface disturbe
ances near the shook front, The depths h) and hp are represented on the
plots, Fig, 16(a=3j), by horizontal dashed lines, It should be pointed

ocut that the depth ratios are determined from those profiles where the

shock front lies a considerable distance away from the deflector vane

and where, therefore, the profile is no longer affected by the initial
distortion of the shock wave, This distortion is due to the vertical
acoelerations set up by the sudden change in direction required of the

flow approaching the front portion of the deflector vene, For each run,

the region of distortion may be observed from a consideration of the

depth profile along the deflector vane which is also included in Figs,16(a-J),
The final valus of hp/h; for each run is the avarege of the individual
ratios for several transverse depth profiles, This vnlue is again reocorded
on the sunmary sheets, Table VII, column 7,

o, Determination of Shock Wave Angle

The shock wave angle, (3 , is obtained by use of the horizontal
lines denoting average value of hy and hy, Let Fig, 17 represent a typical
wave profile, The effective location of the wave front has been consist-
ently assumed herein as being determined by a vertical line drawn so that
arve abo = a'b'o, The intersection of this line with the channel floor
is marked as point (q). Point (q) is determined for each profile lying
outside of the region of initial distortion, and a straight line is drawn
in plan through the points to determine the shock front,, Yhile this
method seems off hand somewhat arbitrary, it is a logically consistent
system based on previous experimental experience in this laboratory (Ref. 8 )e
This method has the advantage of not placing undue weight upon any one
measured point on the wave front; in addition, the position of the vertical
line can be rapidly determined by breaking up the areas into small triangles
and parallelograms, The consiitency of the method is shown by the fact that
in most cases & straight line passes through the points determined in the
above manner, The valiue of (3 exp, thus obtaeined is recorded on the sunmary
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sheets, Table VI, in ocolumn 4,

AREA abo= dbo

A UAAAN

0
h! %———‘
— -

a b h,
S /S S S S S S S SSS /rf,Ei,/')7 Vv arad

8eotion through 8hock Wave Showing
Method of Determining Shook Front

Fig, 17

d, Determination of Froude Number behind Shock

The Froude number in back of the shock is caloulated from the
initial PFroude numbar and the experimental depth ratic by means cf

Eq. (7).
e J (R () ()] (37-b)

This value of Fz(hince it is dete: iined from experimental values of F,,
hy and ha)is recorded in the summary sheets, Table VII, column 10, as
Fo exp, In order to check the acouracy of this indirect method, the
special experimental runs designated as Series IV were made, The data
for both runs were plotted as illustrated in Fig, 18 for run lF - V2,
The vertical velooity distributions corresponding to the locations in
the section of the shock-wave perpendicular to the deflector vane are
plotted in the top half of the figure, The cross section in the lower
half shows the actual velocity contours for this transverse sectlionm,
The wvalues of V2 obtained from each vertical section A through G were
averaged to obtain the value of Vy used to caleulate Fo, The equili-
brium depth hp is shown by the horirzontal daamhed line, Table VI gives
a comparison of the values of Fp obtsined by this method with values
obtained by uee of F; and of experimental values of hz/hl.
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TABLE VI

CONPARISON OF METHODS FOR DETERMINATION OF Fj

RUN IF-V, RUN_IB-V;
Method of Caloulation Caloulution
Analvais Py of Fp F1 of Fy
Velooit V2"4,69 fps, hp=l, 35" V55,95 £ps, hoe2, 34"
Dist. j,;z:}.,{.,.,,{ 3,20 Fo = 2 "7 2 3,00 2 ' 72
Shook 2" o Fp = 2,37
Eq. (37) ha/hy (exp) 1,50 ho/hy (exp) = 1,61
using F; and || 3,20 P. = 2.47 3,06
ha/h1 (exp) 2 " Co Fp = 2,34

Table VI indioates that a reliable value for Fp may be obtained using
Eq. (37) as was done consistently in this report,

2, Correlation of Oblique Jump Characteristics with Hydraulio Theory

This section presents the principal experimental and theoretical
correlations of this investigation, The oxperimontally detorminod shock
wave charagteristics of each experimental Series B through O are given
in Tables VII (l-J) together with the corresponding theoretical charac-
teristios and the percentage differences between experiment and theory,
The method of obtaining the experimental characteristiocs was described
in the preceding section i, A brief description of the calculated quan-
tities follows, Column 3 lists a Froude number based on the deflection
angle and the experimental shock-wave angle (Eq, 36b); it is not a theoreti-
cal quantity and is presented for comparastive purposes only, In all cal=-
culations, the initial Froude number,(obtained from Pitot tubs traverses)
which is constant for a given run,is used, and the computation of this
value is shown at the bottom in the correlation Tables VII, Column 6 re=~
cords the theoretical wave angle (3 as determined from Eq. (36). (Ses
Fig, 8 left-hand side) Column 6 gives the percent difference between
calculated and experimental values, The theoretical depth ratio is given
in column 8 as obtained from Eq, (35) using the theorstical shook-wave
angle and ., Column 9 again gives the percentege difference far exe
perimental and calculated values for the depth ratio, The values of Fo
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(1) (2) | (s) (4) (6) (8) 1) 8) | (8) (10) (11) (12)
Run | Wall Froude | Proude Wave Heve %ove Lepth | Depth Dapth Prowde | Frouds | Froude
le ¥o, Xo, Anple Angle Angle Rasio | Ratio tio Ro, R, ) '
- h A h ¥ P P
e ’1 ’1 (31 (-5 (3| ZA] z/h 1 EAI e 2 2
besed on % Difr, & Diff, % Dirf,
oExp, O and Exp, Calo, Cale, Exp, Calc, Cala. Exp, Calc, Cale,
(3 exp, vs, Bxp, vs, Exp, ve, Exp,
-3 | 9° 418 435 | 21,26° | 21,800 | -2,5% | 1.74 1,78 -1.1% | s.02 3,02 0
+>-—
-8 | 18° 4,39 4.42 | 27,00° | 27,885° | -8.1% | 2,24 2,52 -2,8 2,65 2,49 | e2.4%
X8| 9° 4,18 e {21,00° i 21,80° | -3,8% | 1.72 1,76 -2.3% | 8,04 3,02 | +0,7%
- — SR
M5 1s® ) 4.0l 28,80° | 27,86 | +2,6% | 2,25 2,32 -3, 2, 2
. ' ox 54 .49 oz.ox__J
8ta, Ave, V)| Depth
* Oaloulstion of Initisl Froude — (Brp;a) 1(sn;) Note: Series K = 30" LEAD VANE
. [ ] 6
Kumber based on average Pitot 1.140 8. 78 1:80 Series N « NO LRAD VANR
tude velooity in test section, 1,850 8,89 1,68
eliminating atde-wall . £,880 | 8,62 1,89
nating o .a sffect 5,260 | 8.87 | 1.83
80
v . v . . 610 Average Value-| 8,80 1.6
Veh, 8,67x 0,388
EXPRRINRNTAL SERIRS K and X
LRAD VANR - (Bee Note)
FROUDR NUMBRR P, = 4,18
NCMINAL DRPTH b, = 1,80°
HYDRAULIC CORRRLATIONS S8UAMARIZED
TABLE VII-J
(1) (2) (3) (4) (8) (8) (7) (8) {9) ") (1) (18)
Wall Proude | Proude " ve Wave vy Depth Depth | Depth Proude | Proude | Proude
Ra | ngle Xo, No. ] angle |angle |angle Ratio | Ratio | Ratio ¥o, Yo, o,
h B P P ’
© | n [ n @ [ G [ B |'m "em v | | % _
based onl £ Dire, L nire, pire,
oBxp, 6 and Exp, Calo, Calo, Bxp, Calo, Cale, Exp, Calo, Calo,
(30:',. vas, FExp, lvs, Bxp, vs, Bxp,
L-3 | $° 4,20 4,74 20,109 | 21,70° | -2,8% | 1,78 1,77 -1,1% | 3,08 3,08 0
L5 | 18° 4,20 4,78 26,10° | 27,80° | -6,1% | 2,33 2,32 +0,4% | 2,49 2,81 | -0.8%
o-8| »° 4,80 473 20,18 | 21,70° | -7.1% | 1,74 1,77 -1,7% | S04 3,08 | +0,3%
o8 | 18° 4,20 4,74 26,08% | 27,80° | 8,38 | 2,30 2,82 -0,9% | 2,82 2,81 | +0,4%
Sta, Ave, V,| Depth
* Calculation of Initial Proude (fps.) | (in,)
1,14 .38 0,80
Bumber based on aversge Pitot 1,86 5,34 0,61 Note: Series L - 30° LEAD VANE
2,56 5,34 0,60
tube velocity in test seation, s 2 5 29 0. 58 Series O = NO LRAD VANE
- lefy N
oliminating side-wall efi'ect Averape Valued 5.3 0.60
Pl - —'-— - __.L = 4,20
Jehy K67 0,224 KXPERIENTAL SRRIES L and O
LEAD VANE - (Gee. Note)
FROUDE NTMBRR P, = 4,20 :
| BOMINAL DEPTE h, =~ 0,60" B
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from Eq, (37b) using the theoretical depth ratio (Column 8) is found

in colum 11 with the percentage difference in column 12, The corre~
lations are also given in graphical form, Figure 19 shows the agreement
between shock wave angle and deflection angle for the experimental Froude
nunbers, To avold crowding, the curves are separated according to their
nominal initial depth of ,90" and 1,50", The correlation does not seem
to be greatly affected by the value of the initial depth; however, this
factor is discussed in greuter detail in the following section IVa3,

The average agrasment between t heory and experiment for the sh ock-wave
angle is of the order of magnitude of two percent which is within the
experimental accuracy of the tests, The largest errors appear in the
minimun ard maximum defleoction angles, In the small defleoction angles,
the errors are partly caused by the diffioulty of determining the shook
front accurately due to the very small depth changes involved, In the
maximum defleoction angles, an extremely turbulent shock front makes
measurements in this region diffiocult, Small random scattering is prob-
ably due to errors in duplication of initial Froude numbers during the
course of several days necessary to make a complete run, Figure 20 shows
the agresment between the depth ratio hz/hl across the shook for the seme
values of deflection angle and initial experimental Froude numbers, The
average agreement is of the order of magnitude of 14% and shows larger
differences, in general, only for high initial Froude numbers and large
deflcotion angles, These differences may be attributed to comparatively
large vertical accelerations presént in this region, Again, no appreoiable
effect of initial depth cun be noticed from the two sets of ocurves,

Figure 21 shows the agreement between the Froude number Fg, behind
the shook for the wvarious deflection angles and initiel Froude numbers,
The correlation is approximstely the same as that obtained for the depth

ratio,

3. Effect of Initial Depth and Velooity Distridbution on the Shock
“Charaoterlastios

One of the assumptions inherent in the shock enalysis presented
in section I is that the velocity V is uniform throughout any verticsl
section of the flow, Inasmuch as the vertical velocity distridution is
not uniform, the effect of this necessary deviation from the basic assump-
tions must be investigeted, The momentum equation is written for the
normal jump illustrated in Fig, 22, The undbalance in hydrostatic pressure
forces is equated to the rate of change of momentum through the jump, thus

R-Replf o=/ Uyl (57)

=77 by Py

‘ y
VAV A A AV A A AN A AN AV eNe v ee

Velocity Distribution in Normal Jump
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By definition, m 48 the ratio of the mean of_the squares of Uy to the
square of the mean Uy which is designated as U, Thus,

h
4
L. L (58)

this ratio ) ie a pure number and is inown as the momentum correction
fector, Rewriting Eq, (67) in terme of M and U, and expreising the pres-
gure forces in terme of the depth, there is obtained,

g () - [Tt - %, T} b, ) (59)

By use of the oontinuity equation,

h|U| y h:Ut

'ﬁa {s eliminated and Eq, (£8) can be solved for Uy which can be written
as Vhlto conform to the previous notation; therefore,

Vn, * Visin @ = /o /%f'%[(‘:f)"']( _?.',.-,,

no £ [ B [(B)-](5hm,) e
e,

Equation (63) becomes identical with BEq, (34a) when ®,s M,a| whioh

is the value of M for uniform velocity distribution, In order to evalu-
ate” , it is oconvenient to have an analytical expression for the velocity
distribution curve,

It was observed that the turbulent boundary layer thiocknoss was
equal to the depth of flow within four to six feet after the stream emerged
from the notzle, Acoordingly, an attempt was made to fit boundary layer
velocity distridutions to the experimentally obtained curves, It was
found that the von Karman logarithmic distribution law agreed with the
observed points very closely, The Karman equation is applied to open
channels following the method discussed in Ref, 24, A typical velooity
distribution curve is compared with the Karman equation in Fig, 23, It
is seen that the seventh-root law does not agree as well, In addition,
several dimensionless plots of velocity ocurves both inm front of and in
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back of the shoock were superimposed and found to have very similar shapes,
A typioel plot of this type is illustrated in Fig, 24, Therefore, for
the purposes of this discuseion ", may be assumed equal to Mg. The
integration indiocated in Eq, (£8) may be performed usinz the Karman re-
lation,

Uy= O+ 2.50VghS (1+In¥,) (61)

where U ia the average velooity for the vertiocal section, h is the depth
and 8 the slope for uniform flow, y ie measured from the bottom boundary,
The result is

”z=|+m€-|s-)—=l+-§%§ (62)

Under the assumption that m,3 M, Eq, (60) may be written,

, h h
sin(3 = (?,)lﬁ \/'2LT{.'(“'T1f) (63)

whioch is again indentiocal with Bq, (34a) with the exception of the
faotor 4ﬂﬁf . The product (Flﬁﬁ) i{s actually the reasl value of the
effeotive Froude number taking the velooity dis*ribution into account,
The numberical values of M ra.ge from a maximum of 1,016 at F} = 2,00
to a minimum of 1,007 at F) = 6,80 so that has & maximum value of
3/4 of 1%, The foregoing development is substantiated by the faot that
the inorease in Froude number obtalned by the product F1y57f15 in the
direction which brings the experimental and calculated values into closer
agreement, It is oconoluded that in view of the small magnitude of the
correction, the effect of velocity distribution may be considered negli-
gidble,

Some experimental observations on the effect of initial depth
follow, Figure 25 illustrates the effect on (3 and re/h1 of varying
the initial depth and deflection angle while keeping the initial Froude
number constant, It is observed that good agreement for @ is odbtained
at both hy = ,80" and hy = 1,60"; the larger difference at hl = 0,60"
may be due to the fact that experimental errors are of increased per-
centage magnitude when dealing with small depths, Figure 26 shows dimen-
sionless plots of the wave profilee obtained at these three initial depths
for a constant Froude number of 4,18 and a deflection angle of 9°, While
the position of the undulations are changed, it is seen that the equilibrium
depths ere essentially the same, The initial distortion:along the deflector
vane is also only slightly affected, The 30" lead vane was used for all
three runs,
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4. Effect of Initial Side-Wall Boundary Layer

Figure 11 shows the deflector vane in relation to the test seo-
tion with the 30" lead vane in place, The deflector vane hinge was
placed four inoches away from the left channel wall in order to seoure
control of the initial wall boundary leyer by verying the length of a
lead vane set parallel to the channel walls, Figures 14 and 15 show
that at a distance of 4 inches from the original channel wall, the ave
erage velooity of the scotion has been reached; therefore, with no
lead vane, it is possible to seoure a shook with no initisl wall boun-
dary layer present, Then by attaching lead vanes of various lengths,
parallel to the channel wall, various thiocknesses of the wall boundary
layer may be built up ahead of the deflector vane, It is evident that
the existence of a wall boundary layer will reduce the local value of
the Froude number in direot proportion to the change in velocity in
the boundary layer, Consequently, loocal vertical accelerations are
also reduced, and the depth along the defleotor vane assumes its equi-
11brium value more quiokly,

The effect is illustrated by the following three figures,
Figure 27 shows the effect of the side-wall boundary layer upon the
depth profile along the defleotor vane for a range of Froude numbers
from F, = 2,00 to 7,00 with ©= 8° and of initial depth hy = 0,90",
It is seen that while the initial rise is very great for the case with
no lead vane compared to the 30" lead vane, the equillbrium depth is not
alfeoted, 8Since only the region of equilibrium depth was used to deter=
mine the depth ratio hp/hj, it is expected that the wall boundary layer
would have very little effeot upon this value, This conolusion is oon-
firmed by Fig, 26, which shows only slight differences in depth ratio
by measurements with no lead vane and 30" lead vane, Pigure 28 shows
results similar to Fig, 27 for approximately the same range of Froude
nunbers at an initial depth of 1,60", Figure 29 illustrates the result
of varying the defleotion angle from 3© to 189 for a constant Froude
number, The above figures are valuable as an aid in determining the
size of model necessary to obtain results which are not influenced by
the initial distortion of the basioc wave form, In other words, the
size of the model must be great enough to obtain measurements in the
region of equilibrium depth, This fact alone illustrates the need for
working on & rather large socale when quantitative results are to be ex-
pected from the hydraulic analogy.

Figure 26 also showe that the shook angle (3 is only slightly
influenced by the length of lead vane with the exception that due to
vhe larger initial curveture of the shock, the front tendsto be dis-
placed very slightly parallel to {tself,

It is conocluded that in any problem in which it is possible to
nee 8 lead vans parallel to the initis) flow direction, its use will
permit smaller models or larger areas over which reliable measurements
may be taiken,
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5. Effect of Surfaoe Tension

The effect of surface tension on the basio shock wave charac~
toristios has been a source of oconcern in much of the previous experi-
mental work dealing with the hydraulic analogy, It is believed that
these effects become negligible when the tests are conducted on a rela-
tively large scale such as used in the experiments described in this
report, A few calculations serve to show the order of magnitude of
the capillary forces compared to the dominant gravitational foroces,

It is evident that surfece tension has been assumed negligible in the
theoretiocal development and that in eddition, since capillarity has
no counterpart in gaes flow, these foroes should be neglizidble for the
analogy to hold as developed,

The change in pressure due to surface tension across a free
14quid surface having a finite radius of ourvatu: s is given by -

P _rL where ¢ 48 the surface tension of the liquid, and r the

radius of ourvature of the free surface, The conditicn that surfece
tension foroes are negligible compared to gravitational forces requires

that —s; <<(pgh), where (,Ogh) is the hydrostatic pressure, Several

typioal wave profiles were plotted to the same horizontal and vertioal
soules, and the minimum radius of ourvature was determined graphically,

For example, the smallest redius of ourvature for Run C-3, Station 20,0

is 9= 0,12 ft, which ocours at the orest of the shock where h = ,268 ft,,

thon-—;_t- - 0,041 #/0t% and pgh = 16,1 #/0¢2, Thus, the magnitude

of the capillary pressure ocompared to the hydrostatic pressure is approxi-
mately three=tenths of one percent, This example is typioal, and it is
oonoiudaed that ocapillary forces ocan safely be assumed negligibie in ex~
perimental work on this scale and with the magnitude of velocities en=
countered,

8. Disoussion of Shock-Wave Shape

The vertiocsal accelerations along the shock front due to the re-
quired ohange in depth give rise to a series of undulations in dback of
the shook whioh dampen rapidly to an equilibrium depth along the deflec-
tor vane, However, at high Froude number: and large deflection angles,
the shock undergoes a trensition from the undular form just described
to a regular jump form having a rsther violent roller, This transition
is directly analogous to that which has been observed (Ref, 25) for the
normal hydraulie jump and whioh is quite familiar in hydraulic practioce,
In fact, a useful correlation is obtained if the oblique jump is treated
as & "normal" hydraulic jump by besing the Froude number on the normal

component of the velocity V;. Thus - ,

vnl

4811

Vpl = Vi sin @ and Fpi=
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This Froude number is uniquely related to the depth ratio by Eq, (8),

y - b (VB8R +1 1) (8)

For each experimental run, Series B to J, the value of Fp, was
determined from the experimental velues for initial Froude number and
wave angle and plotted for the corresponding experimental depth ratio,
These points, together with the theoretical ourve Eq, (8), are pre-
sented in Fig, 30, The experimental points were designated as undular,
regular or "transition”, These designations were obtained by looking
at the wave profiles and deciding on the classification outlined above,
For a few runs, the classification of undular or regular was not clear,
and these were labeled as in "transition",

It is seen from Fig, SO that the regions of undular and regular
jumps are clear cut, those jumps for which h2/h1 <2 are undular, and
for hz2/hl » 2 the jumps are regular, The depth ratio h2/hl = 2 is the
transition point according to an ovaervation by Bakhmeteff (Ref, 25)
in whioh it is noted that the ratio of h2 to the total flow energy h2/Hl
when plotted against Fpi reaches a maximum at Fp1=¢/3 which corresponds

to a depth ratio hz/hl = 2,

The jump form, whether undular or regular, appears to have
little absolute effect upon the agreement of experiment and theory, ale-
though it is evident that as the jump beoomes stronger (as measured by
Fnl), the violent roller and accompanying fluctuations in depth make
precise measurements more difficult, It seems reasonable to conclude
that one useful limit of the analogy is reached for values of Fp] of
the order of magnitude 2,6 as evidenced by the rather large deviations
for points in this region in Fig. 30, This is not a serious restrioction
since F_q.» 2,6 requires, in general, large Froude numbers and large de-
fleotion angles, (For example Fy = 7,00, O = 18°)

It is convenient at this time to discuss ancther physical limita-
tion of the analogy epplicable to low Froude numbers and large deflection
angles, An inspeotion of Fig, 4 shows that for any given F; value, there
is a maximum possible deflection angle @ . If this value is exceeded in
& channsl of infinite width, theoretically the shock must detach itself
and move upstream as & normal 90° jump, In & channel of finite width,
this "choking" conditicn ocours before the limiting @ angle is reached
as described below, The initial shock wave strikes the right wall of
the channel and is reflected back across the opening between the de-
flector vane and the wall, The flow behind the shook approaches the
right hand wall with a Froude number F, and is directed at an angle,
to this wall, If the velue of @ is below thse maximum possible deflec-
tion angle corresponding to F2 , a reflection is possible, However, a
point is finally reached at which the required deflection of the flow is
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larger than is possible for F2 and this seocond deflection produces a
normal jump. Thies condition ie illustrated in the photographs of the
shook waves in Fig, 12(e).

The useful range of the chamnnel can be extended slightly beyond
the limit desoribed above, 8ince the choking condition involves veloci-
ties near the oritioal, the refleoctions are sensitive to amall changes
in the flow energy, Therefore, the formation of the normal jump can be
delayed by the addition of energy to the flow by means of a water jet
applied near the reflection point along the right wall, This method,
whioch does not affeot oconditions upstream of the reflection point, was
used to obtain data for certein angles beyond the theoretical limit,
Specifically, for Runs D and I corresponding to Froude numbers of 2,08
and 2,00 respeotively, the jet was used to obtain a deflection angle of
120 and for Run F, (Fl = 3,20), the jet was used to reach © = 21° for
the defleotion wane,

It 1s olear, therefore, that the choking is governed by the values
of Fand @, in back of the shook, The downstream end of the defleotor
vene influences the conditions at the point of reflection by generating
expansion waves, These expansion wavees may or may not interseot the shock
front upstream of the reflection point, If these expansion waves inter-
sect the shook front, they will deoremse the local values of F and the
deflection @ of the flow in back of the initial shock, Thus, the
ohoking oonditions oan be governed within certain limits dy reducing the
length of the defleotor vane,

7. Correlation of Experimental Results with Aerodynamic Theory

a, Magh Number Assumed Equal to Froude Number

The results of the hydraulio experiments on the shook character-
istios for Series B through J are compared with the theoretical aero-
dynamic soclutions for air ( ¢ = 1,4) on the basis of the initial Mach
number equal to the initial Froude number, i,e, Ml = F;, A summary of
the correlation is presented in Tables VIII (a-d). Colwmn 2 gives the
Mach number equal to the initial Froude number; Colwumn § listes the wvalue
of the wave angle determined from the hydraulic experiments; and Columm 4
gives the caloulated wave angle for sir obtained from Eq. (49b) plotted
in Fig,. 86,

.a Column & are recorded the theoretiocal differences in wave
angle for water and air for the same @ and P, = M}, In Colurmm 6, the
theoretical angle in air is campared with the experimental angle in
water, and it may be noted that in practically all cases, the experimen-
tal percentage difference is less than the theoretical. The expsrimental
deviation from the hydraulio theory is in the direction of the vealues ex-
pected from the serodynamic theory, The results are illustrated in graphical
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form in Fig, 81, A similar analysis is given in Colwmns 7 to 10 for
the density ratio, and it is noted that in this case the theoretical
and experimental differences are of the same order of magnitude, How-
ever, in some cases the experimental difference ie larger, Figure 32
gives the latter results in graphiecal form,

b, On Basis of Modified Analosx

Figures 31 and 32 illustrate clearly the basis of the modifioa=
tion to the analogy as describved in section II in which the Mach or
Froude number is adjusted to produce similar geometry of flow, It is
seen that if the initial Muoh numbers were reduced slightly, both the
shook angle and the density ratioc would show better agreement with ex-
perimental points, K Following the exact modifioation desoribed previously
for single shoocks, an adjusted lach number is obtained for eaoch defleo-
tion angle § , and Froude number Fj, The theoretioal air ourves would
then beocome identiocal with the theoretical hydraulio ourves shown in
Figs, 18 and 20,

In effeot, this procedure reduces the theoretioal difference be-
tween water and air quantities to sero, Thus, the results of the hydraulic
experiments may be interpreted as aerodynamic quantities with the same de-
gree of soouraoy as wag originally obtained between experiment and hye
draulio theory, The Mach numbers may be adjusted by using Fig, 7 and
reading the F1/M) value for each F1 and hz/h] or more conveniently from
Fig. 33a in whioh the ratio F/M is plotted against P with @ as the in-
dependent variable, For example in Run J, Py = 4,18 for © = §° the
value of F1/M; from Fig, $3a is R M) = 1,082 and therefore M, = 3,86,

An experimental valus for the F1/Mj ratio may be obtained for
oomparison with the theoretical value by caloulating an “experimental”
Mach number dbased on @ and (3 oxp, which will give the experimental
flow geometry, For the above example ©e 90 and Fy = 4,18, (3 exp.=21,489
and the corresvonding Mj from Eq, (49b) is My » 3,97, Therefore, the ratio
(Pi/il) exp = 1,062, These values have been caloulated for Runs B through
J and plotted in Fig, 33b, Fhile the pointa scatter oconsideradbly, the
dashed curveg indicate the general trend, This scattering of experimental
values is to be expected inasmuch as the ratio F/N is extremely sensitive
to experimental error; it can be seen that the experimental curves have
the same shape but indioate a smaller overall correotion,
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SECTION V
SUMMARY OF CONCLUSIONS

1. The experimental program was primarily concerned with the veri-
fication of the theory of oblique shock waves in water, It has been
demonstrated that there is satisfactory quantitative agreement between
theory and experiment.

2. The non-uniform velocity distribution inherent in the experimen-
tal method has a negligible influence upon the results.

3. The geometiric dissimilarity between aerodynamic and hydraulic
shock waves can be largely compensated by selecting adequate model dimen-
sions, Usually large ratios of longitudinal dimensions to depth should

be exmployed,

L. The use of an induced initial boundary layer at a point of flow
deflection is an effective means of reducing the initial distortion of
the basic wave form and has no effect on final equilibriun conditions,
This consideration may have an important bearing upon the size of the
Eodel.

S. The effect of surface tension can be made negligible by the use
of reasonably large models, depths and velocities.

. The practical limits of the analcgy in regard to maximum Froude
nuzbers and daflection angles are consistent with the range in which the
supersonic flow theory applies,

7. By means of the so-called first modification of the analogy, satis-
factory conversion from hydraulic measurements to aerodynamic quantities
is possible,

8. The second modification of the analogy improves considerably the
quantitative conversion from hydraulic measurement to corresponding aero-
dynamic quantities. The applicaticn of the method requires, however, a
certain technique of interpretation and must be adapted to the problem

at hand following the methods outlined.

Finally, it must be understood that no claim is macde at this time
as to the general applicabllity of the methods proposed towards & solution
of complex problems of two dimensional supersonic flow. However, it is
felt that these methods are promising if they are applied with a sound
knowledge of all hydraulic factors involved in water channel operation
and therefore of the resources which offer themselyes to the experiernced
investigator. This latter restriction is, of course, not peculiar to
this research tool alone, but applies to most experimental techniques.
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